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1 Intro duction

Ferromagnetism occurs when Mn is randomly substituted for more than
about 2 percent of the cations of seweral I11-V compound semiconductors.
Although only a few host materials have beenexplored at presen, this prop-
erty is likely sharedby most 111-V semiconductors.In this Chapter we will
discusssomeof the theoretical pictures that are being developed to explain
the magnetic and transport properties of these materials. Our dewvelopmert
will be basedon a phenomenologicalmodel that has been used with great
succesgo explain the sensitivity of bulk and layered (I11,Mn)VI semiconduc-
tor optical properties to external magnetic elds. (Ferromagnetismdoes not
occur for Mn in undoped 11-VI hosts.) The low energy degreesof freedom
in this model are holesin the semiconductorvalenceband and one S = 5=2
local momert for ead Mn ion.

Interest in these ferromagnetswas heightened by the demonstration sev-
eral years ago that ferromagnetic transition temperatures [ﬂ] in excessof
100K canbe achievedin (Ga,Mn)As. It hasbeenfurther heightenedrecertly
both by the demonstration of long spin-coherencetimes in semiconductors
[H] and by the dramatic and rapid dewelopmert of new information storage
technology basedon magnetotransport e ects in ferromagnetic metals [ﬂ] It
seemsclear that semiconductorshave many potential advantagesover met-
als for devicesbasedon the magnetotransport e ects that occur in itinerant
electron ferromagnets, principally becausethey presen a wider canvas for
their creative manipulation by some combination of impurities, gates and
optical excitation. It is likely that important applications for these materials
will be found only if ferromagnetism at room temperature can be achieved.
The very recent discovery [H] of ferromagnetism at temperatures close to
1000K in (Ga,Mn)N has fueled hopesthat these materials will indeed have
technological impact. Our focus here, howewer, is on the physics of thesefer-
romagnets; we therefore concertrate mainly on the properties of (Ga,Mn)As
and (In,Mn)As which have beenstudied most extensively [E]

It is generally acceptedthat Mn acts as an acceptor when it substitutes
for a cation in a lll-V semiconductorlattice, leaving a Mn?* ion which hasa
half- lled d-shell with angular momertum L = 0 and spin S = 5=2. It is also
generally acceptedthat ferromagnetismoccursin these materials becauseof
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interactions between Mn local momerts that are mediated by holesin the
semiconductor valenceband. There is, therefore, a lot of similarity between
the ferromagnetism of these materials and that of lanthanides and actinides
and their compounds in which f-electron momerts are coupled by d-band
itinerant electrons. There are also similarities between these materials and
the manganite compounds that have been extensiwely studied [E] in recen
yearsin part becauseof the large increasein resistancethat occurs when T
exceedsthe Curie temperature, the so-called colossalmagnetoresistanceef-
fect. In (11,Mn)V ferromagnets,however, the local momerts appearononly a
small fraction of the atomic sitesarrangedrandomly. In addition the itinerant
electron density is alsolow, even lower than the Mn local moment density. As
we explain later this property is likely important in selecting ferromagnetic
over glassymagnetic order. The participation of itinerant electronsin the fer-
romagnetism of these diluted magnetic semiconductors(DMS) addsto their
richness,leadingin particular to electronic transport properties that are very
sensitive to the magnetic state of the material. The physics of ferromagnetic
semiconductorsis in a senseintermediate betweenthat of rare earth magnets
and that of manganitesin that the spin-splitting of itinerant electron bands
due to their exchange coupling with local momerts is comparable to their
Fermi energies,rather than being much smallerthan band Fermi energiesas
in the rare earth caseor larger asin the manganite case.

The Chapter is organized as follows. In SectionE we briey summarize
the main experimental propertiesof (111,Mn)V ferromagnets.Seweral di erent
but related approacesthat have beenexploredin ane ort to gaininsight into
these materials are outlined in Sectionf§. The remaining sectionsof this re-
view Chapter dealwith the developmert of the semi-phenomenologicamodel
we favor in which the low energy degreesof freedom are exchange-coupled
valence-bandholesand S = 5=2 Mn local momerts that carry a negative
charge. The simplest version of this model is one in which the randomly
distributed Mn ions are replaced by a uniform cortinuum, thus completely
neglecting disorder. In Section E we discuss physical predictions based on
a mean- eld treatment of this disorder-free model and demonstrate that it
successfullydescribes a number of non-trivial properties of (Ga,Mn)As and
(In,Mn)As ferromagnets, including their anomalousHall conductivities. In
Section§ we discusscollective excitations of these ferromagnets within the
disorder-freemodel, demonstrating that the simple mean- eld-theory is rea-
sonably reliable for typical parameters of current samplesbut must fail at
large carrier densitiesand alsoin the limit of very strong exchange coupling.
In Sectionf§ we discussthe results of Monte Carlo calculations that describe
the e ect of collective uctuations of Mn momert orientations. The method
candealwith someof the complications and additional physics,including the
possibility of non-collinear ground states, that enters when disorder is added
to the theoretical model. A brief summary is givenin Section El
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In Sectionsf, B, and § we have beenable to presen only a small fraction
of theoretical data obtained using our approach. An extensiwe survey of pre-
dicted physical properties of DMS's will be available at http://  unix12.fzu.cz/
ms/index.php web-pagesJaunched by the authors of this Chapter in collab-
oration with Jan Kucera, Byounghak Lee, and Jairo Sinova.

2 Prop erties of (I11,Mn)V Ferromagnets

In this sectionwe discusssomeimportant properties of (I111,Mn)V ferromag-
nets that have been established by current experiments. Thorough recen
reviews of the properties of these materials have been prepared by Dietl,
Matsukura, and Ohno [[§]. Our objective in this section is to summarize
the obsenations that are most important in constraining theoretical descrip-
tions. There is at presert considerableactivity related to the growth and
characterization of these materials. We expect rapid progressto be achieved
in the near future in exploring the range of possible behaviors and relating
them more preciselyto molecular-beam-epitaxy growth and post-gronth an-
nealing protocols. We list below a number of properties that appear to be
safely established.A theoretical picture that is able to explain most of these
properties is outlined in the following sections.

Electron paramagnetic resonanceand optical experiments [E@] demon-
strate that S = 5=2 local momerts occur for dilute concerirations of
Mn in GaAs. Theseexperimerts demonstrate that the Mn local moment
model is correct.

The Mn-induced statesnearthe Fermi energyplay a keyrole in the origin
of ferromagnetism and in the magnetotransport properties of (111,Mn)V
DMS's. According to photoemissionstudies [ﬂé , those states have
As 4p character, i.e., can be assaiated with the host semiconductor
valence band states. The angle-resoled photoemission experiment also
showved a negligible shift in the heavy- and light-hole bands with Mn
concerration x  7%.

Ferromagnetismis not obsened for Mn concertrations smaller than
0:01 [E]. This property demonstratesthat ferromagnetism does not oc-
cur when all valence-bandholesare trapp ed on individual Mn ions or on
other defects. Antisite defects,for example,are commonin semiconduc-
tor samplesgrown by low-temperature molecular beam epitaxy (MBE).
For very dilute Mn concertrations, electron spin resonanceexperimens
demonstrate that most holes are trapped not at the Mn acceptors, but
at other defects.

The ground-state magnetization, M (T = 0), per Mn ion can exceed4 g
for larger valuesof x [E] Sincethe magnetization cortribution from anti-
ferromagnetically coupled valenceband holestends to partially compen-
satethe Mn local momert magnetization, ferromagnetswith theselarge
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valuesof M (T = 0) likely have ground states with (nearly) fully aligned

Mn local momerts.

To date the largest ferromagnetic transition temperaturesin (Ga,Mn)As

occur for x ~ 5%. The current record is T, 110K [ﬂ]. The drop in

critical temperatures at higher x valuesmay be related to Mn clustering

or may have a more fundamertal origin. There is a correlation between
large valuesof M (T = 0) and high T¢'s.

(I',Mn)V thin Im ferromagnets grown under compressie strain have
their magnetic easy axis in the plane, while ferromagnets grown under

tensile strain have their magnetic easyaxis in the growth direction [E].

External magnetic elds 100 mT are su cient to align the magneti-

zation along the hard axis [@ﬁ] These properties can be explained by

well understood strain e ects in the spin-orbit coupledvalencebandsand

demonstrate that the macroscopicproperties of these ferromagnets are
sensitive to details of the valenceband electronic structure.

The ferromagnetic critical temperature and the temperature dependence
of the magnetization are altered by post-growth annealing and are sensi-
tive to the details of the annealing protocol [E].

These ferromagnets have large anomalous Hall resistivities [E], demon-
strating that the itinerant valencebandsare full participants in the mag-
netism. The large anomalousHall resistivities re ect the strong spin-orbit

coupling that is presen at the top of the valenceband in zincblendesemi-
conductors.

The semiconductor valence bands are spin-split in the ferromagnetic
state. These semiconductor ferromagnets exhibit strong magnetoresis-
tance e ects, like tunnel magnetoresistancelfL§, that are characteristic

of itinerant electronferromagnets,again demonstrating that the itinerant

electronsare full participants in the magnetism.

3 Theoretical Approac hes

Ferromagnetismis a collective e ect due to interactions betweenelectrons. If
it were possibleto do so, we would explain its microscopic origins in a par-
ticular classof materials by solving the many-electron Schredinger equation
directly, given the position of all the nuclei. Fortunately this uninteresting
direct approadc is impossible,now and forever more, becauseof the macro-
scopic humber of interacting electronic degreesof freedom. Instead we must
resort to some combination of approximation and phenomenologicalmod-
eling, settling on the correct approach only after careful comparison with
experimert. This is the art of condensedmatter science;an intricate tango
betweentheory and experimert leadingto a conclusionthat cannot be antic-
ipated while the danceis in progress.In somecasesfractional quantum Hall
systemsand possibly cuprate superconductors for example, the low-energy
degreesof freedomin terms of which obsenable physical properties are best
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described are not simply related to the bare electrons which appear in the
many-electron Hamiltonian. Often, howewer, the low-energy degreesof free-
dom are more obvious.

A practical approac to many-electron physicsthat is often successfulis
spin-density-functional (SDF) theory, in which many-body e ects appear in
exchange-correlationpotential cortributions to e ectiv e independen-particle
Hamiltonians. SDF theory hasthe advantage that it is a rst principles ap-
proach without any phenomenologicalparameters. Among its many achieve-
ments is a generally satisfactory description of itinerant electron ferromag-
netism in transition metals. SDF theory has beenapplied [E] to (111,Mn)V
ferromagnetism by Sarvito et al. and by van Sdilfgaarde and Mryasos. To
date these calculations have been performed using the local density approx-
imation (LDA) of SDF theory, an approximation that is not reliable when
local momerts are formed, i.e., when strong correlations suppress uctua-
tions in the number of electronsin the d-shell or the f-shell of a particular
atom. LD A-SDF theory supercell [@] calculations predict that majority spin
d-electrons of a Mn atom substituted on a cation site of GaAs lie at the
Fermi energy rather than lying well below the Fermi energy as they would
if the half- lled d-shellformed a S = 5=2 local momert. Similar results have
been obtained in coheren potential approximation band-structure calcula-
tions [@] for (In,Mn)As, and are clearly in disagreemeh with experiment
in both cases.In local momernt systems,it is necessaryto accourt for the
increasein instantaneous cite energy when the occupancy of a localized or-
bital is increased.The LDA+U method has beendeweloped to mitigate this
de ciency of SDF theory and has recenly[ beenapplied to (I11,Mn)V fer-
romagnetsand nds a dominant As 4p orbital weight at the Fermi energy
consistert with the photoemissonexperimernt.

It appearslikely that alot of detailed information on the electronic prop-
erties of (111,Mn)V ferromagnetic semiconductorscan be reliably obtained
from LDA+U SDF calculations and we expect this approac will play an
important role in the modeling of these materials in the future. Our work,
howewer, follows a semi-phenomenologicalstrategy, starting from a model
in which the local-momert character of the Mn d-orbitals is assertedrather
than derived. These models are adapted from onesused [fL9,2q] to describe
the optical properties of (I1,Mn)VI semiconductors.The low-energy degrees
of freedomin the kinetic-exchangemodel [ﬂ@] we employ are S = 5=2local
momerts represeting half-lled Mn d-shells, and holesin the Mn valence
band (seeFig. ). SinceMn?* ions should act as acceptorswhen substituted
on the cation sites of 111-V semiconductors,we would expect one hole per
Mn if no other charged defectswere present in the system. However, antisite
defectsare common when I11-V semiconductor Ims are grown by MBE at
the low temperatures required to prevert Mn segregation.The hole density
and the Mn density are therefore taken as separatesample-degndert quan-
tities, to be determined experimertally. The Hamiltonian of this model is
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speci ed in detail in the following paragraph. There has alsobeentheoretical
work on these materials basedon a still simpler model |E] where holes are
assumedto hop only between Mn acceptor sites, where they interact with
the Mn momerts via phenomenologicalexchange interactions. Thesemodels
have someadvantagesin getting at the physics of the dilute Mn limit, and
can also easily be adapted to include the holesthat are localized on ionized
antisite defectsrather than Mn acceptors[@.

Fig. 1. Model for (111,Mn)V semiconductors:local magnetic momerts (Mn 2* ) with
spin S = 5=2 are antiferromagnetically coupled to itinerant carriers (holes) with
spin s = 1=2.

Like any phenomenologicalmodel, the one we use is de ned most fun-
damentally by its low-energy degreesof freedom. Also important, howewer,
is the Hamiltonian that acts in the implied Hilb ert space.The length scales
assaiated with holesin these compounds are still long enoughthat a k p,
ervelope function, description @] of the semiconductorvalencebandsis ap-
propriate and we take that approac here. The operators in terms of which
the phenomenologicalHamiltonian is expressednclude the spin operator S,
for the S = 5=2 local momern on site | and the multi-band envelope function
hole spin density operator s(r). The following key terms are included in the
minimal version of the model Hamiltonian:

a) The coupling of the Mn spin to the external magnetic eld, g s P | Si
H ext -

b) The band Hamiltonian of the host I11-V semiconductor,usually described
using a multi-band ervelope function formalism @@] For many prop-
erties it is necessaryto incorporate spin-orbit coupling in a realistic way.
Six- or eight-band models that include the “split-o ' band and/or the
conduction band are sometimesdesirable.Unlik e the local momert mod-
els, the Hilb ert spaceincludes all host lattice sites for ead hole rather
than only localized orbitals certered on the Mn sites. This band Hamil-
tonian should include the strain e ects due to lattice matching between
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the epitaxially grown (I11,Mn)V Ims and the substrate on which they
are grown.

C) Antiferromagnetig exdangecoupling betweenthe Mn?* spin and valence-
band holes,Jpoq | Si s(Ry). This interaction represets virtual cou-
pling to statesthat have beenintegrated out of the model's Hilb ert space,
onesin which electrons are exchanged betweenthe Mn ion d shellsand
the valence band [ZE] The exdange interactions are isotropic to a
good approximation becausethe Mn?* ion hastotal angular momertum
L = 0. Experimental estimatesfor Jpq vary from 150 40 meV nm? [,
to 68 10meV nm?3 [R7], to 55 10meV nm? [[L]. Recen experimental
work limits Jpq to a value toward the lower end of this range and xes
its value within perhaps20%.

The terms d){f ), listed below, are necessaryto describe the crosswer to
the localizedlimit in which holesare bound either to Mn acceptorsor to other
defects.Note that simpler, impurit y-band models assumethat the systemis
in this limit from the outset, much as our model assumesfrom the outset
that the Mn d-shells form local momerts. There are sometimes technical
di culties in describing the localized limit with our higher-level model, so
that considerablesimpli cation arisesfrom using the impurit y-band model.
There is howewer, a penalty to pay since the model does not apply to the
regimes of greatest interest in which the band electrons are not localized.
Even when impurit y models do apply, it is di cult to guessat appropriate
distribution functions for the inter-site hopping parametersthat play a key
role.

d) The attractive Coulomb interaction betweenthe ionized Mn?* acceptor
and a valence-bandhole. In an envelope function formalism, central-cell
correctionsto the interaction are necessaryto capture the isolated bound-
acceptorlimit accurately [@]

The repulsive Coulomb interaction among holes. This interaction is key

in screening the ionized Mn?* acceptors and cannot be neglected ex-

cept in the completely-localized-holelimit. When it is included, it usu-
ally must be approximated in a way which avoids arti cial hole-holeself-
interactions.

f) The repulsive interaction betweenholesand ionized antisite (group-V el-
emen on group-ll1 site) defects.The antisite defectscompensatefor the
Mn acceptorsand reducethe overall hole density, in addition to providing
an important additional scattering certer. In the dilute Mn limit, experi-
ment [@] suggestghat most Mn?* ionsdo not have bound holes,possibly
due to this compensation. When all holesare strongly localized, most Mn
local momerts will be free and the system will not have ferromagnetic
order.

D
~

The following terms are potentially important in somecircumstances.
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g) The scalar scattering potential that represeis the energy di erence be-
tween a valence-bandp electron on a host site and a valence-bandp
electron on a Mn site. This e ect has normally been excluded since its
sizeand sign is not yet know.

h) Direct exdhangeinteractions betweenMn ions on neighboring sites. These
terms result from microscopic processedn which exdcange of electrons
betweenthe valenceband and two nearby Mn d-shellsis correlated. Terms
of this type are known to be important in (11,Mn)Vl semiconductors,but
appear to be lessimportant in (111,Mn)V semiconductors.

i) Direct coupling of band electronsto external magnetic eld.

In the rest of this Chapter we discussonly pictures of (I11,Mn)V ferro-
magnetismthat follow from the minimal model that includes only the a){c)
Hamiltonian terms.

4 Mean- eld-theory  predictions

In this and the following section we make an important approximation that
achievesa drastic simpli cation. We will refer to this as the continuum Mn
approximation, although it hassometimesbeenreferredto asa virtual crystal
approximation. It is motivated by the obsenation that the Fermi wavelength
of the valence-bandelectronsis typically longer than the distance between
Mn ions, mainly becausehe Mn acceptorsare compensatedand alsopartially
becausethere are four occupiedvalencebands. When the Mn ion distribution
is replaced by a continuum with the same spin-density, randomnessis com-
pletely eliminated from the minimal model. This approximation has many
elemerts in common with the dynamic mean- eld-theory (DMFT) approxi-
mation, applied [ to theseferromagnetsrecenly by Chattopadhyay et al.,
although the DMFT does retain some of the consequence®f randomness
neglectedhere and in the following section. The possibility of starting with
a description basedon an approximation where the random Mn distribution
is replacedby a continuum emphasizesan essetial di erence betweenferro-
magnetic semiconductorsand classicalspin glasssystemsin which dilute Mn
local moments are distributed randomly in a metallic host. In both casesit
is true that the interaction betweenlocal momerts mediated by the itiner-
ant electronsis oscillatory and ferromagnetic for separationssmaller than the
itinerant electron Fermi wavelength. Howewer, the Fermi wavelengthis longer
than the distance betweenlocal momerts in the doped semiconductor case,
whereasit is shorter in the spin glasscase[@]. Each Mn ion interacts ferro-
magnetically with seeral of its neighbors. The continuum Mn approximation
will fail in the limit of dilute Mn ions and also if the excange interaction
betweenband and Mn spinsis too strong. This approximation doesnot al-
low for the sensitivity of magnetic properties to annealing protocolsthat has
beenestablishedin experimert. It does,howewver, seemto be reliable in the
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limit of principle interest, that of high Mn densitiesand high critical temper-
atures, where the holesare metallic and their interaction with Mn acceptors
will be e ectiv ely screened.The merit of this approximation is that it enables
guantitativ e prediction of many physical properties. In this section we dis-
cussthree important properties, the ferromagnetic transition temperature,

the magnetic anisotropy energy and the anomalousHall conductance.This

work described below is motivated by the view in science,it is ultimately

up to experiment to decideon the reliabilit y of any approximation made in

modeling a physical system. As we will point out, the utilit y of the cortin-

uum Mn approximation is strongly supported by obsenations. In fact, it is
not a surprise that this approximation is a good starting point, given its

successn describing the in uence of external elds on the properties of the

closelyrelated paramagnetic (I 1,Mn)VI semiconductors[@,@]. The presen

sectionmakesin addition a mean- eld approximation by ignoring correlations
betweenMn and band spin con gurations.

Our mean- eld theory is derived in the spin-density-functional frame-
work and leadsto a set of physically transparert coupled equations[@]. The
e ective magnetic eld seenby localized magnetic ions consistsof an exter-
nal magnetic eld and the meankinetic-exchange-couplingcortribution from
spin-polarized carriers,

He(RI):Hext+der5(Rl)i:gB; 1)

wherehs(R )i is the carrier spin density at Mn sites, and g is the g-factor of
the local momerts. The mean spin polarization of a magnetic ion is given by

B3

fSi| = SBs Sg gHe (Rl):kBT |qe (RI); (2)

where Bg(x) is the Brillouin function and He (R)) is the unit vector along
the direction of the e ective magnetic eld de ned in Eq. (ﬂ). The itinerant-
hole spin density is determined by solving the Schredinger equation for holes
which experience a kinetic-exchange e ective Zeeman eld h(r). The eld

h(r) is non-zeroonly in the ferromagnetic state and, in the contin uum limit,

reads

h(r) = Jpa Nmn (r) 1Si(r); 3

whereNy n = 4x:a|3c is the Mn density in Mnyl11; 4V zincblende semicon-
ductors with a lattice constart a.. For inhomogeneoussystemssud as quan-
tum wells or superlattices, the itinerant holesexperiencealso an electrostatic
potential due to heterostructure con nement and external bias (if presen).

Using the local-spin-density approximation (LSDA), itinerant hole-hole in-
teraction can be accourted for by including an additional spin-dependert

one-particle potential in the Schredinger equation.
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4.1 Ferromagnetic transition temp erature

In homogeneousDMS systems, the hole-spin density tsi and the kinetic-
excthange potential h are related at small h by

hsi= ——h: 4
@ o) @
Here, g is the hole g-factor and ; is the interacting hole magnetic suscep-
tibilit y,
2 =
f 5 - d (EtOtz V) : (5)
(9 s) dh

where E; =V is the total energy density of the itinerant-hole system. The
Curie-Weiss transition temperature, obtained from Eqgs. (ﬂ) - (ﬂ) in the
Hext = O limit, is
Nwn S(S + 1) gy 1
3 (g B)?°
To understand the qualitativ e physics implicit in this T.-equation (E),
we discuss rst the magnetic susceptibility expressionsof a model itinerant

electron systemwith a single spin-split band and an e ective massm . The
kinetic-energy cortribution E{I to the total energygives

d?(EKN=V)  m ke @
dhz 4 2n?’
wherekg is the Fermi wavevector. The exchangeenergyof the spin-polarized
parabolic-band model adds a cortribution

dERT=V) o €(m )2
dhz 4 3pt ®)

ke Tc =

(6)

where " is the dielectric constart of the host semiconductor. At high hole
densities p, the kinetic-energy term dominates and T, is proportional to the
Fermi wavewector, i.e., to p'=. Equations (IZ[) and (E) also show that the
band contribution to the mean- eld T, increaseslinearly with m while the
exchange enhancemeh of T, is proportional to (m )?. Note that correlation
e ects, not discussedherein detail, suppressthe mean- eld T, by only 1%
for typical experimertal hole densities(p  0:1 nm 3) in bulk (111,Mn)As
ferromagnets.

To obtain quartitativ e predictions for Tg, it is necessaryto evaluate the
kinetic and exchange cortribution to the itinerant hole susceptibility using a
realistic six-band Kohn-Luttinger model [@], instead of the parabolic band
model. The Hamiltonian cortains the spin-orbit splitting parameter ¢, and
three other phenomenologicalparameters, 1, », and 3, whose values for
the speci ¢ 111-V host can be found, e.g.,in Refs. [[{,B4]. Results [[1]33,86,87]
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Fig. 2. The band (kinetic energy) cortribution to the mean-eld ferromagnetic
critical temperature T. for Mn concertration X = 5% is plotted as a function of
hole density p for InAs, GaAs, AlAs, and GaN host semiconductors.

are plotted in Fig. Easafunction of the hole density for InAs, GaAs, AlAs,
and GaN host semiconductors.In the density range considered,only the two
heavy-hole and two light-hole bands are occupiedin the arsenides.However,
the mixing between these four bands and the two spin-orbit split-o bands
is strong and must be accourted for. In GaN, spin-orbit coupling is weak
and all six bands are occupied by holes. The numerical data are consisten
with the qualitativ e analysis basedon the parabolic band model: the band
(kinetic-energy) cortribution to T. follows roughly the p'=3 dependence,the
exchange enhancemen of  10% is only weakly density dependert. The T,
valuesat a given density are ordered according to the heavy-hole and light-
hole massesn the arsenidehosts. For GaN, with all six bands occupied, the
simple model of a parabolic spin-split band is lessinstructiv e. Yet the large
numerical T¢'s in this material are consistert with the large heavy-hole mass,
nearly twice aslarge asin AlAs.
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The mean- eld prediction for the critical temperature agreesquartita-
tively with the experimental value of 110 K measuredin Mn-doped GaAs
with Mn concertration x = 5% and p= 0:35nm 3. Thermal uctuations ne-
glectedby the mean- eld theory, discussedn the following section,reducethe
theoretical T, estimate by lessthan 5% [@], explaining the quantitativ e suc-
cessof the mean- eld theory in this sample. The sameanalysis nds approx-
imately a T, suppression[B7] of approximately 20% comparedto mean- eld
theory due for (Ga,Mn)N, implying that room temperature ferromagnetism
may occur in I11-V DMS.

4.2 Magnetic anisotrop y

Experiments [@ in (11,Mn)V DMS's have demonstratedthat theseferro-
magnetshave remarkably squarehysteresisloopsand that the magnetic easy
axis is dependent on epitaxial growth lattice-matching strains. The physi-
cal origin [Iﬂ@] of the anisotropy energyin our model is spin-orbit coupling
in the valenceband. Even in mean- eld theory, we nd that the magnetic
anisotropy physics of these materials is rich and that easy axis reorierta-
tions can occur as a function of sample parametersincluding hole density or
epitaxial growth lattice-matching strains.

Magnetic anisotropy in the absenceof strain is well described by a cubic
harmonic expansiontruncated at sixth order, an approximation commonly
usedin the literature on magnetic materials. The correspnding cubic
harmonic expansionfor total energy of a system of non-interacting holesin
the presenceof the e ective eld h is

Eiot (M) _ Ewt (R200) |
- v

v K2 (h2h2 + AzA2 + AZA2) + K52 AZAZRZ ; (9)

wherefi is the unit vector alongthe eld h. The cubic anisotropy coe cien ts
K and K$2 are related to total energiesfor fi along the high symmetry
crystal directions by following expressions:

_ 4Ew (M10) E (h00)]
Vv
27E ot (M1%)  36E o (ML10) + 9E o (N0G) .
v ;

MBE growth techniquesproduce(l11,Mn)V Ims whoselattices arelocked
to those of their substrates.X-ray di raction studies [E] have establishedthat
the resulting strains are not relaxed by dislocations or other defects,even for
thick Ims. Strainsin the (I11,Mn)V Im break the cubic symmetry assumed
in Eq. (E). Howevwer, the in uence of MBE growth lattice-matching strains
on the hole bands of cubic semiconductorsis well understood [Pg and we
can usethe sameformal mean- eld theory asin the previous subsectionto
accourt for strain e ects on magnetic anisotropy.

ca
Kl

ca —
K% =

(10)
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Fig. 3. Cubic magnetic anisotropy coe cien ts K {2 and K 5% as a function of hole
density p.

We turn now to a seriesof illustrativ e calculations intended to closely
model the ground state of (Ga,Mn)As. For Mn density Ny, = 1 nm 3
(x 5%), h 140 meV at zero temperature. This value of h is not so
much smaller than the spin-orbit splitting parameterin GaAs [@ﬁ] ( s0=
341meV), sothat accurate calculations require the six-band Luttinger model
[@]. Evenwith Ny, Xed, our calculationsshaw that the magnetic anisotropy
of (I1,Mn)V ferromagnetsis strongly dependert on both hole density and
strain. The hole density can be varied by changing growth conditions or by
adding other doparts to the material, and strain in a (Ga,Mn)As Im canbe
altered by changing substrates. The cubic anisotropy coe cien ts (in units of
energy per volume) for strain-free material are plotted asa function of hole
density in Fig. E The easyaxis is nearly always determined by the leading
cubic anisotropy coe cien t K {2, exceptnear valuesof p wherethis coe cien t
vanishes.As a consequencethe easyaxis in strain free samplesis almost al-
ways either along one of the cube edgedirections (K2 > 0), or along one
of the cube diagonal directions (K$? < 0). Transitions in which the easy
axis moves between these two directions occur twice over the range of hole
densitiesstudied. (Similar transitions occur as a function of h, and therefore
temperature, for xed hole density.) Near the hole density p = 0:01 nm 3,
both anisotropy coe cien ts nearly vanish and a ne-tuned nearly perfect
isotropy is achieved. The slopes of the anisotropy coe cien t curvesvary as
the number of occupied bandsincreasesfrom 1 to 4 with increasinghole den-
sity. This behavior is clearly seenfrom the correlation between oscillations of
the anisotropy coe cien ts and onsetsof higher band occupations.

Six-band model Fermi surfacesare illustrated in Figs. E and E by plotting
their intersectionswith the k, = 0 plane at p = 0:1 nm 3 for the casesof
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h10G and h110 ordered momert orientations. The dependenceof quasipar-
ticle band structure on ordered momen orientation, apparert in comparing
these gures, should lead to large anisotropic magnetoresistancee ects in
(Ga,Mn)As ferromagnets.We also note that in the caseof cube edgeorienta-
tions, the Fermi surfacesof di erent bandsintersect. This property could have
important implications for the decay of long-wavelength collective modes.

0.10
0.05 r 1
< 0.00 r 1
s
0.05 1
0.10 : : :
0.10 0.05 0.00 0.05 0.10

kx (aol)

Fig. 4. Six-band model Fermi surface intersections with the k, = 0 plane for p =
0:1nm % and h = 140meV. This gure is for magnetization orientation along the

h100 direction.

In Fig. Ewe preser mean- eld theory predictions for the strain-dependence
of the anisotropy energy at h = 140 meV and hole density p = 0:35 nm 3.
According to our calculations, the easyaxesin the absenceof strain are along
the cube edgesin this case.The relevant value of the in-plane strain produced
by the substrate- Im lattice mismatch,

as af
— . 11
€0 a (11)

depends on the substrate on which the epitaxial (Ga,Mn)As Im is grown.
The most important conclusion from Fig. E is that strains as small as 1%
are su cien t to completely alter the magnetic anisotropy energy landscape.
For example for (Ga,Mn)As on GaAs, g = 0:0028 at x = 0:05. The
anisotropy has a relatively strong uniaxial contribution, ewven for this rel-
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Fig. 5. Six-band model Fermi surface intersections with the k, = 0 plane for the
parameters of Fig. Hand magnetization orientation along the h110 direction.
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Fig. 6. Energy di erences among h001i, h100, h110, and h111i magnetization ori-
ertations vs. in-plane strain ey at h = 140meV and p = 0:35nm 3. For compressive
strains (ep < 0), the system hasan easymagnetic plane perpendicular to the growth
direction. For tensile strains (ey > 0), the anisotropy is easy-axiswith the preferred

magnetization orientation along the growth direction. The anisotropy changessign
at large tensile strain.
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atively modest compressie strain, which favors in-plane momert orienta-
tions [[R4], in agreemem with experimert [f. A relatively small ( 1 kJ
m 3) residual in-plane anisotropy remains which favors h110 over hi0G.
For x = 0:05 (Ga,Mn)As on a x = 0:15 (In,Ga)As bu er the strain is ten-
sile, &g = 0:0077,and we predict a substartial uniaxial cortribution to the
anisotropy energywhich favors growth direction orientations [ﬁ@] againin
agreemem with experiment [E]. For the tensile case,the anisotropy energy
changesmore dramatically than for compressie strains due to the depopu-
lation of higher subbands.At large tensile strains, the sign of the anisotropy
changes, emphasizing the subtlety of these e ects and the latitude which
exists for strain-engineering of magnetic properties.

4.3 Anomalous Hall e ect

The mean- eld description of hole bands in the presenceof exchange cou-
pling to the localized Mn momerts provides a starting point for building a
theory of transport in (111,Mn)V ferromagnets. Here we concertrate on the
anomalous Hall e ect which is an important sample characterization tool
in ferromagnetic systems. The Hall resistivity of ferromagnets has an ordi-
nary contribution, proportional to the external magnetic- eld strength, and
an anomalous contribution usually assumedto be proportional to the sam-
ple magnetization. In our approac [@], the anomalousHall conductanceof
a homogeneouderromagnet is related to the Berry phase of the electronic
wavefunction acquired by a cyclic ewolution along the Fermi surface.

In the standard model of the AHE in metals, skew-scattering [#1] and
side-jump [@] scattering give rise to contributions to the Hall resistivity
proportional to the diagonal resistivity and 2 respectively, with the latter
processtending to dominate in alloys because is larger. Our evaluation of
the AHE in (I11,Mn)V ferromagnetsis basedon a theory [@] of semiclassical
wave-padket dynamics which implies a cortribution to the Hall conductivity
that is independent of the kinetic-equation scattering term. The interest in
this contribution is motivated in part by practical considerations, since our
current understanding of (111,Mn)V ferromagnetsis not su cien t to permit
con dent modeling of quasiparticle scattering. The relation of our approact
to standard theory is reminiscert of disagreemets between Smit @] and
Luttinger [@] that occurred early in the developmert of AHE theory and
do not appear to have ever beenfully resolved. We follow Luttinger [@] in
taking the view that there is a cortribution to the AHE dueto the changein
wavepadket group velocity that occurs when an electric eld is applied to a
ferromagnet. The electron group velocity correction is corveniertly evaluated
using expressionsderived by Sundaram and Niu @]:

@
X = haK + (e=h)E : (12)
The rst term on the right-hand-side of Eq. (@ is the standard Bloch band

group velocity. Our anomalousHall conductivity is due to the secondterm,
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proportional to the Berry curvature , de ned below. It follows from sym-
metry considerationsthat for a cubic semiconductorunder lattice-matching
strains and with rh aligned by external elds alongthe 001 growth direction,
only the z-componert of is nonzero:

@, @, |
@y @&«
Here juni is the periodic part of the n-th Bloch band wavefunction with the
mean- eld spin-splitting term included in the Hamiltonian. The anomalous
Hall conductivity that results from this velocity correction is
z
e X dk
AH =g i 2 )3

2(n;k) = 2Im h (13)

fk z(n k) ; (14)

where f . is the equilibrium Fermi occupation factor for the band quasi-
particles. We have taken the convertion that a positive ay meansthat the
anomalousHall currert is in the samedirection asthe normal Hall current.

This Berry phasecortribution to the anomalousHall conductanceoccurs
in any itinerant electron ferromagnet with spin-orbit coupling. To assessts
importance for (111,Mn)V ferromagnetswe rst explore a simplied model
that yields parabolic dispersionsfor the two heary{hole and two light{hole
bands, and neglect coupling to the split-o band by assuminga large spin-
orbit coupling [@@] Detailed numerical simulations accourting for the mix-
ing of the spin-orbit split-o bands and warping of the occupied heavy{hole
and light{hole bands[23f] in the (In,Mn)As and (Ga,Mn)As samples[#5]
will follow. Within the 4-band spherical model, the spin operator s = j =3,
and the Hamiltonian for holesin I11-V host semiconductorscan be written
as

h2

Ho= —
7 2m

(142K 250 ) (15)
where] is the total angular momertum operator and ; and , are the Lut-
tinger parameters[@,@]. In the unpolarized case(h = 0), the total Hamilto-
nian, H = Hy hj,=3 (the external magnetic eld is assumedto bein the +2
direction), is diagonalizedby spinorsjj,i where,e.g.,jp ] k= 3=2forthe
two degenerateneavy{hole bandswgh the e ectivemassmpn = m=( 1 2 7).
The correspnding Berry phase, d?k ( 3=2;k) = 3=2(cos x 1), is
largest at the equator (cos k;=knn, = 0) and vanishesat the poles
(jcos kj = 1) of the spherical Fermi surface of radius ky,. Becauseof the
band degeneracythe anomalousHall conductivity (E) vanishesin the h = 0
limit. The e ective Zeemancoupling presert in the ferromagnetic state both
modi es the Fermi surface shapesand renormalizesthe Berry phases.Up to
linear order in h we obtain that k., = knn  hmp :(2h2khh) cos  and that
the Berry phaseis reduced(enhanced) by a factor [1 2mh=(9 zhzkﬁh )] A
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similar analysisfor the light-hole bandsleadsto the total net cortribution to
the AHE from the four bands whoselower and upper bounds are:

hG 2) Smm < < —ogh@ 2 N2 0my (19
4 2h

Here p = k3,=3 2(1 + P mp,=mpy) is the total hole density and my, =

m=( 1 + 2 ) is the light-hole e ective mass. The lower bound in Eq. (@

is obtained assuming my, mpn While the upper bound is reached when

My Mhpnp.

Based on the above analysis we draw the following conclusions: The
anomalousvelocity due to the Berry phasecan have a sizable e ect on the
AHE in (111,Mn)V ferromagnets. The solid line in Fig. E shows our ana-
lytic results for the GaAs e ective massesmp, = 0:5me and my, = 0:08me.
Note that in experiment, anomalousHall conductancesare in order of 1{10

lcm ! andthe e ective excdhange eld h 10 100meV. A large ay is
expected in systemswith large heavy{hole e ective massand with the ratio
M, =My, closeto unity.

4 2h’
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Fig. 7. lllustrativ e calculations of the anomalous Hall conductance as a func-

tion of the band-splitting e ective Zeeman eld for hole density p = 0:35 nm 1.
The dotted-dashed curve was obtained assumingin nitely large spin-orbit coupling
and the decreaseof theoretical an with decreasingspin-orbit coupling strength is

demonstrated for s, = 1 eV (dashedline) and s, = 341 meV (solid line).

Sofar we have discussedthe limits of in nitely strong spin-orbit coupling
and weak e ective exchange eld, relative to the hole Fermi energy In the
opposite limits of zero spin-orbit coupling or large h, Ay vanishes. This
implies that the anomalousHall conductivity is generally nonlinear in the
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exchange eld or the magnetization. To explore the intermediate regime we
diagonalizedthe six-band Luttinger Hamiltonian numerically [E@ with the
spin-orbit gap <o = 1 eV aswell asfor the GaAs value ¢, = 341 meV.
Results shawn in Fig. Ij conrm that a smaller Ay is expectedin systems
with smaller ¢, and suggestthat both positive and negative signs of ay

can occur, in general. The curvesin Fig. |f| are obtained by neglecting band
warping in I11-V semiconductorcompounds. The fact that valencebandsin

these materials are typically strongly non-parabolic, even in the absenceof
the eld h and in the large ¢, limit, is accurately captured by introducing
the third phenomenologicalLuttinger parameter 3 [@@] Numerical data
including all Luttinger parametersindicatesthat warping tendsto leadto an
increaseof Ay, asseenwhen comparing solid curvesin Fig. ﬂand in the top

panel of Fig. E The hole-densily dependenceof ay, illustrated in Fig. E
is qualitativ ely consistert with the spherical model prediction (E). Also in

accord with the outlined chemical trends, numerical data in Fig. Esuggest
large positive AHE in (Al,Mn)As, intermediate positive ay in (Ga,Mn)As,

and a relatively weaker AHE in (In,Mn)As with the sign of Ay that may
depend on the detail structure of the sample.

We make now a comparison betweenour sy calculations and experi-
mental data in the (In,Mn)As and (Ga,Mn)As samples,analyzedin detail by
Ohno and coworkers [A§fl]. The nominal Mn densitiesin the two measured
systemsare Ny, = 0:23nm 2 for the InAs hostand Ny, = 1:1 nm 3 for the
GaAs host, yielding saturation valuesof the e ective eld h = 25 3 meV
andh = 122 14meV, respectively. The low-temperature hole density of the
(Ga,Mn)As sample,p = 0:35nm 3, was unambiguously determined [E] from
the ordinary Hall coe cient measuredat high magnetic elds of 22-27T.
Sincea similar experiment has not beenreported for the (In,Mn)As sample
we estimated the hole density, p = 0:1 nm 3, by matching the measured
ferromagnetic transition temperature T, = 7:5 K to the density dependen
mean- eld T..

As demonstrated in Fig. E our theory explains the order of magnitude
di erence betweenexperimental AHE in thetwosamples( a4 1 'cm !
in (In,MnN)As and a4 14 'cm !in (Ga,Mn)As). The calculations are
also consistert with the obsened positive sign and monotonic dependenceof

AH 0N sample magnetizations [E].

Wetakethe agreemen in both magnitude and sign of the AHE asa strong
indication that the anomalousvelocity cortribution dominates the AHE in
homogeneoudl 11,Mn)V ferromagnets. This Berry phaseterm, which is in-
dependert of quasiparticle scatterers,is relatively easily evaluated with high
accuracy enhancingthe utilit y of the Hall measuremeh in sample charac-
terization. The successof this model also supports the use of the simple
mean- eld approximation discussedn this section,in which Mn ions are rep-
resered by a uniform density continuum, to describe at least the ground
state of theseferromagnets.
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Fig. 8. Full numerical simulations of a4 for GaAs host (top panel), InAs host
(bottom panel), and AlAs host (inset) with hole densities p = 0:1 nm ! (dotted
lines), p = 0:2 nm ! (dashed lines), and p = 0:35 nm ! (solid lines). The lled
circles in the top and bottom panels represert measured AHE [@ﬂ] values. The
saturation mean- eld h values for the two points were estimated from nominal
sample parameters [@,E]. Horizontal error bars correspond to the experimental un-
certainty of the Jpq coupling constant. The measuredhole density in the (Ga,Mn)As
sampleis p= 0:35 nm ?; for (In,Mn)As, p= 0:1 nm ! was determined indirectly
from the sample's transition temperature.

5 Collectiv e excitations within a contin uum picture

5.1 Beyond mean-eld theory and RKKY interaction

The power and the succes®f the mean- eld picture employedin the previous
section lies in the fact that it is a simple theoretical approach which makes
it easyto calculate many obsenable quartities numerically. Mean- eld the-
ory, however, neglectscorrelation betweenlocal-momert spin con gurations
and the free-carrier state and, therefore, fails to describe the existence of
low-energylong-wavelength spin excitations, among other things. Becauseof
its neglect of collective magnetization uctuations, mean- eld theory, e.g.,
always overestimatesthe ferromagnetic critical temperature. There are many
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examplesin itinerant electron systemswhere mean- eld theory overestimates
ferromagnetic transition temperatures by more than an order of magnitude
and it is not a priori obvious that mean- eld theory will be successfulin
(I',Mn)Vv ferromagnets. Indeed, we will nd that the multi-band character
of the semiconductor valence band plays an essetial role in enabling high
ferromagnetic transition temperatures in these materials.

In this sectionweidentify the elemenary spin excitations, determine their
dispersion,and discussimplications for the Curie temperature [46[47,48495d].
The starting point of our analysisis the itinerant-carrier-mediated ferromag-
netic interaction between local magnetic momerts. Such an interaction is
provided by the familiar Ruderman-Kittel-Kasuy a-Yoshida (RKKY) theory.
The RKKY picture, howewver, only appliesaslong asthe perturbation induced
by the Mn spinson the itinerant carriers is small. As we will derive below, the
proper condition is r where = NwmnJpdS is the (zero-temperature)
spin-splitting gap of the itinerant carriers due to an averagee ective eld in-
ducedby the Mn ions,and ¢ isthe Fermi energy This condition is, howeer,
newer satis ed in (I11,Mn)V ferromagnets,partially becausethe valence-band
carrier concettration p is usually much smaller than the Mn impurit y density
Nwmn - A related drawbadk of the RKKY picture is that it assumesan instan-
taneous static interaction between the magnetic ions, i.e., the dynamics of
the free carriers are neglected. We will seebelow that this dynamics is im-
portant to obtain all typesof elemenary spin excitations. As a consequence,
RKKY theory does not provide a proper description of the ordered state in
ferromagnetic DMSs.

As in the previous section,we useherethe minimal model including terms
a){c) of Sectionﬁ and employ the Mn contin uum approximation. Extensions
to the minimal model may be important in some circumstances.They are,
however, not essetial for the generaldiscussionin the preser section, which
will attempt to explain the considerationsthat determine when collective
e ects neglectedby mean- eld-theory are important.

5.2 Indep endent spin-w ave theory for parab olic bands

The main idea of our theory is to derive an e ectiv e description for the Mn
spin systemby integrating out the valence-bandcarriers and to look for uc-
tuations of the Mn spins around their spontaneousmean- eld magnetization
direction (which we chooseasthe z-axis). Using the Holstein-Primako (HP)
represemation [E], we expressthe Mn spins in terms of bosonic degreesof
freedom. We expand the e ectiv e action up to quadratic order, i.e., we treat
the spin excitations asnoninteracting Boseparticles. From the correspnding
propagator we deducethe dispersion of all elemenary spin excitations.

To keepthe discussiontransparert we start with a two-band model for the
itinerant carriers with quadratic dispersion. Later, in Section E we extend
our theory to a model with a more realistic band structure described by a
six-band Kohn-Luttinger Hamiltonian.
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For small uctuations around the mean- eld magnetization, we can write
the spin operators as

S (r) b(r)IO 2Nwn S (17)
S (r) P@) 2NwmS (18)
S*(r) = NunS  b'(r)b(r) (19)

with bosonic elds b/(r); b(r). The state with fully polarized Mn spins (along
the z-direction) correspnds, in the HP bosonlanguage,to the vacuum with
no bosons.The creation of a HP bosonreducesthe magnetic quantum number
by one.

The partition function Z can be expressedas a coherent-state path in-
tegral in imaginary time over the HP bosonsand the valence-bandcarri-
ers, which are fermions. Since the Hamiltonian is bilinear in the fermionic
elds, we can integrate out the itinerant carriers and arrive at an e ective
description in terms of the impurity spin degreeof freedom labeled by the
compiex number coherert state labels for the boson elds, z and z. We get
Z = Djlzz]exp( Se [zz]) with the e ectiv e action

Se [zz] = Sgp[zz] Indet (GMF) 1+ G Y(zz) ; (20)

R R
whereSgp [22] =  d d®r z@z is the usual Berry's phaseterm. In Eq. (E),
we have already split the total kernel G ! into a mean- eld part (GMF) 1
and a uctuating part G I,
(GM);'=(@ ) i +HjHojji + Nun JpaSS] (21)
J P — !
G, Y(z2) = %d zs; +zs;  2NwnS  2zz5] (22)

where denotesthe chemical potential, andi and j rangeover a complete set
of hole-bandstates(i.e., here,for the model with two parabolic bands,i and |
label band wavevectorsand spin, " #), and sf and's; are matrix elemers of
the itinerant-carrier spin matrices. The combination = Nmn JpaS de nes
the mean- eld energyto ip the spin of an itinerant carrier. The physics of
the itinerant carriersis embeddedin the e ectiv e action of the magneticions.
It is responsible for the retarded and non-local character of the interactions
between magnetic ions.

Sofar we have made no approximations. The independen spin-wave the-
ory is obtained by expanding Eq. (E) up to quadratic orderin z and z, i.e.,
spin excitations are treated as noninteracting HP bosons.This is a good ap-
proximation at low temperatures, where the number of spin excitations per
Mn site is small.

We obtain (in the imaginary time Matsubara and coordinate Fourier rep-
resenation) an action that is the sum of the temperature-dependent mean-
eld cortribution and a uctuation action. The latter is

1 X
Se [z2]= 7 z(k; m)D Yk m)z(k; m): (23)
ikj ko m
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A Debye cuto kp with k% = 6 2Npyn, ensuresthat we include the correct
number of magnetic-ion degreesof freedom, jkj ko. The kernel of the
guadratic action de nes the inverseof the spin-wave propagator,

Jpap_, Nwn 35S X [ -(@)] f[4(a+ k)]
2 2V g Fmt (@) «@+k)

D Yk; m)= i m+ (24)
where = (ps p)=p is the fractional free-carrier spin polarization, and
«-4(q) is the energy of spin-up and spin-down valence-bandholes, -.4(q) =

¢ =2, and 4 = h’¢=(2m ). The secondterm of Eq. (B4) is the the

energyfor a Mn spin excitation in mean- eld-theory, MF = J,qp =2= x

It diers from the itinerant-carrier spin splitting by the ratio of the spin
densitiesx = p =(2Nwm, S), which is always much smallerthan 1in (I11,Mn)V

ferromagnets.Mean- eld theory is, thus, recovered by dropping the last term

in Eq. (@). It is this term that describes the response of the free-carrier
systemto changesin the magnetic-ion con guration.

5.3 Elemen tary spin excitations

We obtain the spectral density of the spin- uctuation propagator by ana-
lytical cortinuation, i , ! +i0* and A(k; ) = ImD(k; )= .In the
following we consider the caseof zero temperature, T = 0. We nd three
di erent typesof spin excitations [@].

Goldstone-mo de spin waves. Our model has a gaplessGoldstone-made
branch re ecting the spontaneousbreaking of spin-rotational symmetry. The
dispersion of this low-energy mode for four dierent valence-band carrier
concertrations p is shown in Fig. E(solid lines). At large momernta, k! 1,
the spin-wave energy approaces the mean- eld result ,((1) ! MF " (short-
dashedlinesin Fig. E) Expansionof the T = 0 propagator for small momerta
yields for the collective modesdispersion,

X= 3+2 4
CETxx 5 5 O (25)
where g is the Fermi energy of the majorit y-spin band. In strong and weak-
coupling limits, g and E, respectively, Eq. (E) simpli es to
X
W= Tkt O(k%) for - (26)
2
W - % ¢ — +OKY  for E @7)

We note that the dependenceof the spin-wave energyon the systemparam-
eters, namely the exdange interaction strength Jpq, hole conceriration p,
local-impurity density Ny, , and e ective massm is dierent in thesetwo
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Fig. 9. Spin-wave dispersion (solid lines) for Joq = 0:06eVnm®, m = 0:5me,
Nmn = 1nm 3, and four dierent itinerant-carrier concertrations p = 0:01nm 3
0:035nm 3, 0:1nm 3, and 0:35nm 3. Theratio = ¢ is 2:79, 1:21, 0:67, and 0:35,
which yields the fractional free-carrier spin polarization as1, 1, 0:69, and 0:31.
The short wavelength limit is the mean- eld result “F = x (short-dashed lines),
and the long-dashed lines are the result obtained from an RKKY picture.

limits, indicating that the microscopiccharacter of the gaplesscollective exci-
tations di ers qualitativ ely in the two limits. The energy of long-wavelength
spin waves is determined by a competition between exchange and kinetic
energies.To understand this in more detail one can imposethe spin con gu-
ration of a static spin wave on the Mn spin system, evaluate the ground-state
energy of the itinerant-carrier system in the presenceof the generatedex-
change eld, and comparethis with the ground-state energy of a uniformly
polarized state. The results of this calculation are explained briey below;
for details seeRef. [@] Given the Mn spin con guration, the valence-band
carriers can either follow the spatial dependenceof the Mn spin density in
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order to minimize the exchange energy as they do in the strong-coupling
limit £, or minimize the kinetic energy by forming a state with a ho-
mogeneousspin polarization , asthey do in the weak-coupling limit =
The correspnding energyscalesare provided by and ¢, i.e., the crosswer
from oneregimeto the other is governedby the ratio = .

Stoner contin uum. We obsene that the frequency p, is not only preser
in the rst term of Eq. (@), it enters the third term, too. This is the reason
why, in addition to the Goldstone mode, other spin excitations can appear
in our model. They are absen in a static-limit description, i.e., when the
frequency dependenceof the third term of Eq. (E} is neglected.

1.05 T T T T

1.00 Stoner continuum

Walls)

1x

095 L— —— '
0.000 0.001 0.002 0003 0.004 0.005

kik,
Fig. 10. Stoner excitations and optical spin-wave mode in the free-carrier system
for Jpg = 0:06eVnm®, m = 0:5me, Nun = 1nm 3, and p = 0:35nm 3. In an
RKKY picture these modes are absert.

We nd a continuum of Stoner spin-ip particle-hole excitations. They
correspnd to ipping a single spin in the itinerant-carrier systemand, since
X 1, occurin this simple model at much larger energiesnear the itinerant-
carrier spin-splitting gap (seeFig. @) For > ¢ andzerotemperature,
all these excitations carry spin S* = +1, i.e., increasethe spin polarization.
They therefore turn up at negative frequenciesin the boson propagator we
study. When < g, excitations with both S* = +1 and S* = 1 cortribute
to, the spectral function. The continuum lies betw%enthe curves K
2"« F andfor < ¢ alsobetween + k 2 «k(F ).
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Optical spin waves. We nd additional collective modesanalogousto the
optical spin wavesin a ferrimagnet. Their dispersion lies below the Stoner
continuum (seeFig. @). At small momernta the dispersionis

K 4 e 2 (2 5x)=
1 x 5x 5x

The nite spectral weight at negative frequenciesindicates that, becauseof
guantum uctuations, the ground state is not fully spin polarized.

D= @ x +O(kY:  (28)

5.4 Comparison to RKKY and to the mean-eld picture

For comparisonwe evaluate the T = 0 magnondispersionassumingan RKKY
interaction betweenmagnetic ions. This approximation results from our the-
ory if we neglect spin polarization in the itinerant carriers and evaluate the
static limit of the resulting spin-wave propagator de ned in Eg. (@). The
Stoner excitations and optical spin waves showvn in Fig. E are then not
presen and the Goldstone-made dispersionis incorrect exceptwhen E,
asdepicted in Fig. E(Iong-dashedlines).

In the mean- eld picture, correlations amongthe Mn spins are neglected.
The mean- eld theory can be obtained in our approac by taking the Ising
limit, i.e., replacing S s by S*s*. As merntioned before, this amounts to
dropping the last term in Eq. (@). The energyof an impurit y-spin excitation
is then dispersionless, MF = x (short-dashedline in Fig. E) and always
larger than the real spin-wave energy

5.5 Spin-w ave disp ersion for realistic bands

For a quartitativ e analysis [@ of the spin-wave dispersion we extend our
parabolic-band model to a six-band Kohn Luttinger Hamiltonian. The e ec-
tive action for the HP bosonsdescribing the Mn impurit y spinsis given by
the sameformal expressionEg. (PQ) with the cortributions Egs. (f1) and (R2)
to the kernel. The di erence is that for ead Bloch wavevector i and j now
label the statesin a six-dimensionalHilb ert space(instead of two dimensions
for spin up and down), Hy is the Kohn-Luttinger Hamiltonian, and sf and
Sj are6 6 matrices.

The next step is again an expansionof the e ectiv e action up to quadratic
order in z and z. In the two-band model, where spin is a good quantum
number, only z(k; n)z(k; m) the combinations appear, seeEq. (@. Since
the coheren state labelscan can be viewed asbosoncreation and annihilation
operators, these cortributions are diagonal in total boson number. In the
presenceof spin-orbit coupling, however, spin is no longer a good quantum
number, and the combinations z(k; m)z( k; mn) andz(k; m)z( k; mn)
which increaseor decreasehe number of HP bosons,comeinto play.

Sinceour aim hereis to derive the dispersion relations of the low-energy
spin waves, rather than to addressthe full excitation spectrum including the
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Stoner cortinuum and the optical spin waves, we take the static limit as
discussedn the context of the two-band model. After a Bogoliubov transfor-
mation, we obtain for the spin-wave energy

J 2
_k_dpd P E; el (29)

with the de nition
o_ AX XA (@) f[ (@Ko

Ey = S S 30
TV, @ @+K 0

for ; 9= . The indices and label the single-particle eigenstatesfor
valence-bandcarriers at a givenwavevectorq andq+ k,ands = h js j i.

The remaining task is to evaluate the fractional itinerant-carrier polarization
and the quantities E, and E;* numerically.

0.06
fffff mean field W"
0.04 - spin wave W, ]
[a)
gx 01
0.02 - oot 1
0.001
0.0001
0.00 P —

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 11. Main panel: Spin-wave dispersion for the 6-band model for itineran t-carrier
density p= 0:35nm 3, impurit y-spin concertration Ny, = 1:0nm * and exchange
coupling Jpa = 0:068eV nm 3. Inset: Spin-wave dispersion on a log-log plot (circles)
and the parabolic t (solid line).

In Fig. @ we show the spin-wave dispersion for wavevectors k along the
easy axis obtained using parameters valid for (Ga,Mn)As [E]. We obsene
that the eect of E;* in Eq. (@) is negligibly small and can, therefore,
be dropped. Furthermore, we nd that the dispersion is fairly independen
of its wavevector direction, a property that is usually implicitly assumedin
micromagnetic descriptions of magnetic materials.



28 J. Konig, J. Schliemann, T. Jungwirth, and A.H. MacDonald

Spin stiness. The quantized energy of a long-wavelength spin wave in a
ferromagnet with uniaxial anisotropy can be written as
- 2K 2A 2 4y .

k—-NWS+-NWSk + O(k); (31)
where K is the anisotropy energy constart, and A denotesthe spin sti ness
or exchange constart. While the anisotropy constart can be obtained from
the mean- eld energy for di erent magnetization orientations (seeprevious
section), the virtue of the spin-wave calculation is to extract the spin sti ness
aswell.

In Fig. @We show the spin sti ness A asa function of the itinerant-carrier
density for two valuesof Jpq for both the isotropic two-band and the full six-
band model. We nd that the spin sti ness is much larger for the six-band
calculation than for the two-band model. Furthermore, for the chosenrange
of itinerant-carrier densitiesthe trend is di erent: in the two-band model the
exchange constart decreaseswith increasing density, while for the six-band
description we obserne an increasewith a subsequeh saturation.

1.2 T T T T T T -
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Fig. 12. Exchange constant A as a function of itinerant-carrier density p for the
six-band and the two-band model for two dierent values of Jpq = 0:068eVnm 3
(solid lines) and 0:136eV nm 2 (dashed lines). The impurit y-spin concertration is
chosenasNw, = 1:0nm 3, which yields = 0:17eV (solid lines) and = 0:34eV
(dashed lines), respectively.

To understand this behavior we recall that the two-band model predicts
a di erent dependenceof A on p in the strong and weak-coupling limits with
a crosswoer near F, SeeEgs. (@ and (R7). The di erence in the trends
seenfor the two- and six-band model in Fig. is explained in part by the
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obsenation that, at givenitinerant-carrier concerration p, the Fermi energy
g is much smaller when the six-band model is employed, where more bands
are available for the carriers, than in the two-band case.Furthermore, we
emphasizethat, evenin the limit of low carrier concertration, it is not only
the (heavy-hole) mass of the lowest band which is important for the spin
sti ness. Instead, a collective state in which the spinsof the itinerant carriers
follow the spatial variation of a Mn spin-wave con guration will involve the
light-hole band, too. Our calculations shaw that accourting for the presence
of this second more dispersive band is essetial to understanding the suc-
cessof mean- eld theory. Crudely, the large massheavy hole band dominates
the spin-suseptibility and enableslocal magnetic order at high temperatures,
while the dispersive light hole band dominates the spin sti ness and enables
long range magnetic order. The multi-band character of the semiconductor
valenceplays an essetial role in the ferromagnetism of these materials.

5.6 Limits on the Curie temp erature

Isotropic ferromagnetshave spin-wave Goldstone collective modeswhoseen-
ergiesvanish at long wavelengths,

« = DK%+ O(k%; (32)

wherek is the wavewvector of the mode. Spin-orbit coupling breaks rotational
symmetry which leadsto a nite gap, seeEq. (@). According to our numer-
ical studies, though, this gap is negligibly small as far as the suppressionof
ferromagnetismby collective spin excitations is concernedand can, therefore,
be dropped for the present discussion.Each spin-wave excitation reducesthe
total spin of the ferromagnetic state by 1. The coecient D = 2A=(Nwm, S)
is proportional to the spin stiness A. These collective excitations are not
accourted for in the mean- eld approximation. If the spin sti ness is small,
they will dominate the suppressionof the magnetization at all nite tem-
peratures and limit the critical temperature. In this case,the typical local
valence-bandcarrier polarization remains nite above the critical tempera-
ture. Ferromagnetismdisappearsonly becauseof the lossof long-rangespatial
coherence.

A rough upper bound on the critical temperature T can be obtained by
the following argumert which accouns for the role of collective uctuations
[@]. The magnetization vanishesat the temperature where the number of
excited spin wavesequalsthe total spin of the ground state.

Zy,

Nmn S = dkk?n( ¥); (33)

22

where n( k) is the Bose occupation number and the Debye cuto, kp =
(6 ?Nwn )3, ensuresthe correct number of magnetic ion degreesof free-
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dom. Wetherefore nd that the critical temperature of a ferromagnet cannot
exceed

25+1
ke Te™ = =———Dkp (34)

for S 5=2whereD isthe T = 0 spin-sti ness. To obtain this equation, we
have assumedthat the spin waves can be approximated as non-interacting
Bosepatrticles, replacedthe dispersionby the long-wavelengthlimit Eq. (@,
and noted that the critical temperature estimate is proportional to Dk3,
justifying the useof the classicalexpressionfor the mode occupation number
ng ksT= g 1=2. Theseconsiderationssetan upper bound on the critical
temperature which is proportional to the spin sti ness, a bound not respected
by mean- eld theory.

To get a qualitativ e but transparent picture we employ the two-band
model with parabolic bands, and deducethe spin sti ness from Egs. (E)
and (ﬁ) for the strong and weak-coupling regime, respectively. For strong
coupling, = ¢ 1, the exchangecoupling completely polarizesthe valence-
band electrons,and we nd (usingp 2Nwm, S) the T, bound

. 2S+1 p 2
coll;s —
S = 35
c 125 7 Nwn (39)
For small = ¢, the weak-couplingor RKKY regime, exchange coupling is a
weak perturbation on the band system. In this regime we get
2=3
reoliRkky — pmr_ 25+ 1. Nun _ (36)
C )

¢ 125+ 1%2  p

i.e., mean- eld theory is reliable only for p=Nun 1, as expected sincein
this casethe RKKY interaction has a range which is long comparedto the
distance betweenMn spins.

We expect that the qualitativ e picture derived from the two-band model
will persist for the six-band model. The actual values of the boundaries be-
tweenthe regimesindicated in Fig. @ will, howewer, be shifted becauseof
the important di erences in the microscopicphysicsthat determinesthe spin
stiness of the two models discussedabove. We expect that the T. esti-
mates derived in the preceding paragraph will be directly applicable to n-
type carrier-mediated ferromagnets. As a consejuene we expect that it will
be impossibleto achievelargeferromagnetictransition temperaturesin n-type
semimnductorswith carrier mediated ferromagnetism.The 5% reduction of
(Ga,Mn)As mean- eld T, dueto spin uctuations, mertioned in Section4.1,
was obtained using the six-band model and solving self-consistetly Eg. (@)
and D(TS") = D(T = 0)hSi (TS )=S. Larger reductions comparedto mean-
eld-theory estimatesare expected in somehosts, but mean- eld-theory re-
tains a qualitativ e validit y.
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Fig. 13. Critical-temp erature-limit regimes for the two-band model. In the mean-
eld regime T. is limited by individual Mn spin uctuations. In the collective
regimes, the critical temperature is limited by long-wavelength uctuations with
a sti ness proportional to the bandwidth for weak (RKKY) exchange coupling and
inversely proportional to the bandwidth for strong exchange coupling. At the solid
line TYF = T . Dashedlines: expansionsfor large and small = ¢, Egs. (@) and
(, and the crosswver from the RKKY to the strong coupling collective regime.

6 Collectiv e uctuations beyond spin wave theory and
contin uum appro ximation

In the precedingsectionswe described the magnetic properties of Mn-doped
semiconductorsby a model of itinerant carriers which are exchange-coupledo
localized magnetic momerts formed by the dopants. An important property,

resulting from the growth processof such materials, is that the Mn acceptors
are distributed at random on the cation sites of the underlying crystal lat-

tice. To this point in this chapter, we have useda contin uum approximation

for the Mn ion distribution that yields a disorder-free problem. The cortin-

uum approximation makesit possibleto obtain someresults analytically, and
alsocrucially simpli es numerical calculations. However, it neglectssubstitu-

tional disorderin the Mn positions which can have a substartial impact on
the ferromagnetism. That this is true is evidert from the fact that magnetic
properties of presenly available samplesare often sensitive to the conditions
of their fabrication, and reproducibilit y is achieved only if the growth pa-
rameters are carefully cortrolled [E]. Moreover, recert studies of post-growth

annealed(Ga,Mn)As sampleshave revealedthat the magnetic [E] aswell as
the structural [E] properties can depend crucially on the type of defectsand
disorder present in the system.
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The spin-wavetheory preserted in the previoussectiondescribescollective
excitations of the ion spin system (modeled as a cortinuum) in terms of
Gaussian uctuations around the ferromagnetic ground state in the many-
body path integral. This non-interacting spin-wave theory is exact at low
temperatures, where deviations from the ordered ground state are small,
but is lessreliable when the temperature is raised toward the ferromagnetic
transition temperature.

In this sectionwe complemert the theoretical approacdesdescribed above
by methods which (i) take disorder e ects due to the randomly chosenion
positionsinto account and (ii) are ableto addressdirectly the region of larger
deviations of the spin con guration from the ferromagnetically ordered state.
Speci cally, we presert results of Monte Carlo simulations [@@] which treat
the minimal model without approximation. Finally we report on a rigorous
stabilit y analysisof the perfectly ferromagnetically ordered collinear state of
Mn ions in the presenceof disorder@. We predict that nonoollinear fer-
romagnetismis common in (ll,Mn)V semimnductors, the robust collinear
ferromagnetic states that have the highest ferromagnetic transition temper-
atures occur only when the carriers are relatively weakly localized around
individual Mn ions.

6.1 Mo del considerations

The considerationsin this section are basedon the kinetic-exchange model
discussedin the previous sections. To accourt for the nite extent of the
Mn ions [@] in the exchangeterm we replace Jpas(Ry) S by d3rJ(r
Ri)s(r) S, with the nite-range exchange parameter

)= g rPead. (37)
(2 a3)?

Both the strength J,q and range ag of this interaction are phenomenolog-
ical parametersto be xed by comparison with experimert or, ideally, to
be extracted from rst principles electronic structure calculations. Note that
the exdcange-coupling range parameter ap in Eq. (E?[) is required in our
calculations oncethe discretenessof the Mn ions is acknowledged; exchange-
coupling shifts of quasiparticle energieswould diverge otherwise. Given this
nite range, the only approximation we make below in treating the mini-
mal model is that we treat the Mn spins classically Becauseof the relatively
large value of the Mn ion spins, this approximation should have minimal con-
sequenceexcept for the leading low temperature magnetization suppression.

We are iznterestedin thermal expectation valuesof the form

2 n o
P d' d#sin#Tr f(@# ' )e " (38)
z 0 0

where is the inversetemperature, Z the partition function, and #, ' are
shorthand notations for the whole set of classicalspin coordinates. The quan-
tity f’\(#; ' ) is a function of the ion spin anglesand an operator with respect
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to the quantum medanical carrier degreesof freedomover which the trace is
performed. In practice we replacethe fermion trace by a ground state expec-
tation value, since the temperatures of interest will always be much smaller
than the Fermi energy For typical carrier densitiesp of order 0.1 nm 3, the
Fermi temperature for the carriers is typically larger than 1000K, compared
to ferromagnetic critical temperatures 100K. Thermal e ects in the carrier
system are therefore negligible. Thus,
1 z, z
f== d d# sin# HOjf (#; ' )jOie oM O . (39)
z 0 0
where jOi denotesthe groundstate of non-interacting fermions with the ap-
propriate band Hamiltonian and a Zeeman-couplingterm h whosee ective
magnetic eld H. is dueto excangeinteractions with the localized spins,
z

h=gg &rs(r) He (r)
X

He ()= J3(r Ri)S™N=gs) (40)
|

where ", = (sin | cos |;sin | sin |;cos ) isthe direction of the classical
spin at R . In the following we denote thermal expectation valuesof quanti-
ties de ned in terms of classicalspin orientation variablesby h i and quantum
mechanical expectation valueswithin the carriers ground state by h0j jOi.

6.2 Remarks on the Mon te Carlo metho d

A standard way to evaluate expectation values of the form Eq. (@) is to
useclassicalMonte Carlo algorithms which perform a random walk in phase
spaceof the classicalvariables (#,' ). The probabilities governing this Monte
Carlo dynamics are speci ed by the dependenceof many-fermion energy on
the localized-spincon guration. The many-fermion ground state is a Slater
determinant whosesingle-particle orbitals are the lowest energy eigenstates
of a single-bandor multi-band Hamiltonian. For the caseof a parabolic band,
the matrix elemeris of the corresponding one-particle Hamiltonian in a plane-
wave basisread
o o r . _ h%k? s X
hk® 9Hj k i = o

. o A
Kok o + o3 Jk koel(k KR, I
|

o5 (41)
wherek and denote wavewvector and spin indices, respectively, Ji is the
Fourier transform of J(r), and L the edgelength of the simulation cube.
Periodic boundary conditions restrict the admissible values of wavewvector
componerts to integer multiples of 2 =L. In Eq. (@, is the vector of Pauli
spin matrices.

Sincethe many-particle ground state of the carrier systemhasto be com-
puted at ead Monte Carlo step, the computational e ort required for the
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present calculations is much larger than in simple classicalspin models. In
the usual Metropolis algorithm, a single spin orientation is altered at eadh
step. If this algorithm were employed here, the time required to diagonalize
the single-particle Hamiltonian ead time would sewrely limit the e ciency

of the algorithm. We therefore usethe Hybrid Monte Carlo algorithm, which
wasintroducedin the mid 1980'sin the cortext of lattice eld theories[@. In
this method all classicalvariables are altered in one Monte Carlo step. This
drastically reducesthe number of matrix diagonalizationsrequired to explore
statistically important magnetic con gurations. The Hybrid algorithm is a
powerful method for Monte Carlo simulations in systemscortaining coupled
classicaland quantum medanical degreesof freedom.

A concrete Monte Carlo simulation necessarilyworks in a system of -
nite size.In the presen case,calculation of the fermion ground state also
requirestruncation of the plane-wave expansionwe use for the independen
particle wavefunctions that diagonalize the Hamiltonian (@). We are able
to obtain corvergencewith respect to this truncation only when the range
of the exchange interaction ag is not too short. taking into accourt a nite
number of plane-wave states entering the single-particle carrier Hamiltonian
(@). The importance of these nite-size e ects in real and reciprocal space
(using periodic boundary conditions), and their interplay with the regular-
ization parameter ap, are discussedin detail in Ref. [@]. In the following
we shall leave aside such technical aspects and concerrate on the physical
results.

6.3 Numerical Mon te Carlo Results

In this subsectionwe presern numerical Monte Carlo results. We concertrate
on the spin polarizations of the Mn ions and the carriers as a function of
temperature and addressthe ferromagnetic transition. We start with the
two-band model.

Tw o-band model. Fig. @ shows typical magnetization data as a function
of temperature. Theseresults were obtained for a Mn ion density of Ny, =
1:0nm 3, a carrier density p = 0:1nm 2 in a cubic simulation volume of
V = 540nn?, i.e., the system cortains 540 Mn ions and 54 carriers. The
e ectiv e band massis half the bare electron mass,and the chosenexdcange
parameter is Jpq = 0:15eVnn?. Here and in the following Monte Carlo data
the range parameter for the exdhange coupling is ap = 0:1nm.
The main panel shows the averagepolarization of the Mn spins,

1

M =
NMnV

hiStot ji ; (42)
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i. e.the thermally averaged modulus of the total ion spin, along with the
carrier magnetization,

1
m = p_VthJStotJ()'J' : (43)

which is the ensenble averageof the modulus of the total ground-state car-
rier spin. Both quartities are divided by the number of particles and are close
to their maximum valuesat low temperatures. At higher temperatures they
show the expectedtransition to a paramagnetic phase.The critical tempera-
ture of this ferromagnetictransition is most readily estimated from numerical
results for the magnetization uctuations:

1 P
Oun = hiSwtj%i  hiSwtji? ; (44)
O = p_V thJStotJOUz' hjtOjstot j Oiji 2 (45)

These two uctuations per particle are plotted in the insets of Fig. E
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Fig. 14. Magnetization curvesfor Mn ions and carriers. The upper and lower inset
show the magnetic uctuations for the Mn ions and the carriers, respectively. Both
dier by a factor of approximately 25 re ecting the square of the ratio of spin
lengths. The density of Mn ions is Ny, = 1:0nm 2, the carrier density is p =
0:1nm 2 in a cubic volume of V = 540nm®. The band massis half the bare electron
masswith an exchange parameter of Jpq = 0:15eVnm°.

They both show a pronounced peak at a temperature T 100K, de ning
the nite-system transition temperature for these model parameter values.
In fact, in aregion around this transition the two data setsdi er by a factor
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of approximately 25, which is the squareof the ratio of the two spin lengths
ertering the expressions(@) and (@), respectively. This obsenation showvs
explicitly that the correlation length is the samefor Mn ions and the carrier
systemnear the transition, that is both approac the nite systemsizeof the
simulation.

Our Monte Carlo approach clearly reproducesthe expectedferromagnetic
transition. Ferromagnetismestill occurs whenrandomnessn the Mn positions
is accounted for. The transition temperature T, canbe determined unambigu-
ously and consisterily from the positions of very pronounced peaksin total
magnetization uctuations of both the Mn ions and the carriers.

Results for T.. We now turn to the transition temperature T. for the
two-band model. Within mean- eld theory this quartity is given by Eq. (E).
Our objective here is not to make a quartitativ e prediction of the critical
temperature for particular ferromagnetic semiconductorsystems.By doing a
numerically exact calculation for a model that captures much of the physics,
however, we hope to shed light on the range of validity and the senseand
magnitude of likely correctionsto mean- eld-theory T, estimates.

The mean- eld expressionfor T, canbe obtained by averagingthe ion-spin
and carrier polarizations over space.The e ective eld which each Mn spin
experiencesdue to a nite carrier polarization is then constart in spaceand
the carrier bands are in turn rigidly spin split by = JpdNwmn S. (The limit
in which mean- eld theory is exact can be achieved in our model by letting
a! 1 in Eqg. (@).) Mean- eld theory, which neglectsspatial uctuations
and correlations betweencarriers and Mn spins, predicts that T. is quadratic
in the exdhange parameter Jpq and linear in the e ective band massm ,
when correlations in the itinerant systemare neglected.

Here we determine the critical temperature T, with the help of our Monte
Carlo stheme. In Fig. @We shaow results for Mn densitiesNy, = 1:0nm 3
and a mean- eld band splitting = JpdNmn'S = 0:5eV. The left panel
shows the dependenceof the critical temperature on the carrier e ective
mass.This dependenceis very important for the seart for diluted magnetic
semiconductorsystemswith T¢'s larger than room temperature. In the mean-
eld approximation, T. grows linear with increasingmass. The Monte Carlo
results clearly deviate from this prediction suggestinga saturation of T, at
carrier massescloseto the bare electron mass. For even higher masseswe
expect the electronsto behave more classicallyand localizearound individual
Mn spins, suppressinglong-range order further. In this limit the electronic
energycost of changesin the relativ e orientations of nearby Mn spinswill get
smaller causing T to decline, and evertually ferromagnetismwill disappear.
This is consistert with the obsenation that, within the cortin uum model, the
spin sti ness declinesas 1=m for large band masseqfq #7[g). As mentioned
earlier, the spin sti ness tendsto be remain substartially larger when coupled
light and heavry holes are retained in the calculation. Still, this calculation
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Fig. 15. The critical temperature T, as a function of the carrier mass (left panel)

and the carrier density (right panel). The exchange parameter is in both cases
Jpa = 0:2eVnm?® leading to a zero temperature mean-eld spin spliting of =

JpdNwmn S = 0:5eV. The results of the Monte Carlo runs are compared with the

mean- eld predictions.

demonstratesthat mean- eld-theory must be regarded with some caution
and its validity must be cheded in ead new circumstance.

To discussthe critical temperature asa function of the exdhangecoupling
parameter J,q, we obsene that the Hamiltonian of itinerant carriers satis es
the scaling relation

m
H(m ;Jpd) = aH ?;qud (46)

with > 0. Therefore the saturation of T, asa function of the e ective mass
at xed Jpqg correspnds to a linear dependenceof Tc on Jpq at xed m .
This cortrasts with the mean- eld prediction T F / J7;.

In the right panel of Fig. E we showv T, as a function of the carrier
density. Here the Monte Carlo approac also clearly yields a lower critical
temperatures than mean- eld theory. For still higher carrier densities the
typical distance betweennearby Mn ions will becomelarger than the band
electron Fermi wavelength, causingthe sign of the typical exchange coupling
to oscillate in an RKKY fashion. As we shall seein the next subsection,the
resulting frustration makesthe ferromagnetic state unstable, possibly leading
to a regime of spin-glassorder. Disordered states can also occur when the
excthange coupling becomesstrong.

Six-band model. We now turn to the six-band model in which the ki-
netic energy part is given by the Kohn-Luttinger model. Fig. @ shows typ-
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ical magnetization data for the (Ga,Mn)As system, assumingexcange cou-
pling Jpg = 0:15eVnn?, carrier density is p= 0:1nm 3, and Mn ion density
Nyn = 1:0nm 3 in a volume of V = 280nm?. As in the caseof parabolic
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Fig. 16. Magnetization curvesfor Mn ions and carriers in the six-band model for

n exchange coupling of Jpq = 0:15eVnm?®. The carrier density is p= 0:1nm 3 with

an Mn ion density of Ny, = 1:0nm 2 in a volume of V = 280nm®. As in the case
of parabolic bands, the ferromagnetic transition in clearly and consistertly signaled
by pronounced peaksin the magnetic uctuations shown in the insets.

bands, a ferromagnetic transition is clearly signaledby pronouncedpeaksin
the magnetic uctuations of both Mn ions and carriers. We nd that, in con-
trast to the parabolic two-band model, the carrier magnetization is already
reducedat temperatures well below T.. In fact, becauseof strong spin-orbit
coupling in the valenceband, full polarization of the carrier spins never oc-
curs. Another di erence comparedto the parabolic-band model concernsthe
shape of the magnetic uctuations for the Mn ions and the carriers as a
function of temperature. Although both curvesindicate the same value for
T, for these parameter values, their shape in the vicinity of T, is slightly
dierent and the ratio of their uctuations is smaller than 25 (the square
of the ratio of spin lengths involved). These di erences arise becauseof the
more complicated band structure and the spin-orbit coupling presen in the
Kohn-Luttinger Hamiltonian. In the right panel of Fig. @We plot the transi-
tion temperature asa function of the exchange coupling Jpq for two di erent
systemsizes.Both data setsagreewithin error bars and shaw a linear depen-
denceof T; on Jpq. This nding is the sameas for the two-band model and
cortrasts with mean- eld theory which predicts T, / Jgd. The left panel of
Fig. @sh(wsthe transition temperature asa function of J,q for the parabolic
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Fig. 17. The right panel shows critical temperature T. asa function of the exchange
parameter J,q for the sameparticle densitiesasin Fig. E and two di eren t system
sizes.Both data sets agree within error bars and show a linear dependenceof T
on Jpq. In the left panel, the corresponding data for the parabolic two-band model
with an e ectiv e mass of half the bare electron massis plotted. The latter system
is a reasonableapproximation to the six-band case.

model for an e ective massm = 0:5me. This valueis closeto the heavy-hole
massin the Kohn-Luttinger model for parametersappropriate for GaAs. The
data in the left panel can be obtained from the left panel of Fig. Evia the
scalingrelation (@. Comparing the two panelsof Fig. E demonstratesthat,
in the range of carrier densities studied here, a single parabolic band with
an e ectiv e masscloseto that of the heavy-hole Kohn-Luttinger-mo del band
provides a reasonably good approximation to the behavior of the six-band
system. We expect larger di erences to occur in the strong coupling regime,
which presernts technical di culties to the Monte Carlo calculations.

6.4 Disorder eects and noncollinear ferromagnetism

The magnetization data of Fig. @ were obtained by averaging over v e dif-

ferert realizations of the Mn ions. In fact over the range of parameters we
have explored, except for the larger valuesof p=Ny , results for di erent dis-
order realizations di er only very weakly from ead other. This is illustrated

in Fig. @ wherethe magnetization curvesunderlying the averagedresults of
Fig. @ are plotted. Those v e datasetsare hardly distinguishable from ead
other. Positional disorder in the localized magnetic momerts of Mn ions can
howewver a ect the nature of the ground state itself in some circumstances.
As seenfrom Fig. @ the ion spin magnetization seemsto saturate at low
temperatures at a value slightly smaller than its maximum, given by the
Mn spin length of 5=2. Moreover, as shawn in Fig. @ this behavior occurs
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Fig. 18. Magnetization curvesfor v e dierent realizations of Mn positions under-
lying the averaged data of Fig. Q

quite consisterlly for dierent disorder realizations. As we seebelow, the
e ect is due to the randomnessin Mn positions which, combined with the
RKKY:-lik eoscillationsin the e ectiv e coupling betweenMn spins, makesthe
perfectly ferromagnetically ordered collinear state state unstable and leads
to nonoollinear ferromagnetism

We now outline a theory of magnetic uctuations around a given state
within a path integral formalism similar to the spin-wave approac presened
in Section§.2 for uctuations around the collinear ferromagnetic state. In
cortrast to the spin-wave calculations, here we do not approximate the Mn
magnetic momerts by a continuum but retain them, asin the Monte Carlo
approad, asindividual spinsof length S = 5=2 placedat arbitrary locations.
Let us rst considermagnetic uctuations around the perfectly ferromagnet-
ically ordered collinear state having all Mn spins oriented in parallel.

Repeating the steps described in Section E but keeping the Mn spins
asindividual objects, oneobtains the following expressionfor the uctuation
part of the e ectiv e action in up to secondorder in the bosonicspin variables:

1 X X
Se = — z ( m)D|Jl( m)Zi( m) (47)

m 1]

where ,, = 2 m= is a Matsubara frequency z ( ) standsfor the bosonic
Holstein-Primako eld of Mn spin | that describes deviations from a fully
aligned state. The uctuation matrix Dljl( m) reads

DIJl( m)=Lia(m)+ Kig(m) (48)
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with
Z
Lig= 13 i m dcri(r RN (49)
" #
CSX () () el s
=g R TTR (50)

Here Is(r)i is the expectation value of the carrier spin density, f the Fermi
function, and

z
F,oo= &Brd(r Ry) () () (51)
with (r) being the spin componert  of the carrier wave function with
label and energy" = + , where is the chemical potential for the

carriers All quartities referring to the carrier systemare to be evaluated for
the collinear orientation of Mn spins.

The zero-frequency(m = 0) cortribution to the e ectiv e action (@ de-
scribesthe energy of static uctuations around the collinear state. For this
state to be stable, the matrix D, Jl(O) must have non-negative eigervalues
only, while the occurrence of negative eigervalues of this matrix indicates
that the perfectly collinear state is not the ground state. This interpretation
of the zero-frequency uctuation term is conrmed by the obsenation that
this cortribution is also obtained (at zero temperature) by a standard per-
turbation theory for the carrier ground state energy with respect to small
deviations of the ion spins from collinear orientation. The formalism given
above embedsthis nding in a more generaltheory of dynamic uctuations at
nite temperature. Howewer, we shall concertrate in the following on static
ground state properties, i.e. on T = 0, where the Fermi functions become
step functions.

We note that for any arrangemen of the Mn positions R, the matrix
D”l(O) contains a zero eigervalue correspnding to a uniform rotation of
all spins. The eigervaluesof D, Jl(O) are proportional to magnetic excitation
energiesIn this sensehe eigervalue distribution of D, Jl (0) canbeinterpreted
asa density of states for magnetic excitations.

We have evaluated the spectrum of D, Jl(O) in systemsgiven by a simula-
tion cube with periodic boundary conditions averagingover di erent realiza-
tions of the Mn positions. The single-particle wavefunctions (r) are com-
puted in a plane-wave basistaking into account wavewvectorsq with length up
to an appropriate cuto g.. The sametruncated plane-wave basisis usedto
compute the quartities (@) ertering (p(). Note that, for uctuations around
the collinear ferromagnetic state, D, 5 (i! ) is always real and symmetric for
real ! since all carrier wavefunctions have, for a given spin projection ,
the same coordinate-independernt phase.This follows from the fact that the
single-particle Hamiltonian describesfor ead spin projection just the prob-
lem of a spinlessparticle in a potential landscape provided by the Mn ions.



42 J. Konig, J. Schliemann, T. Jungwirth, and A.H. MacDonald

Since D, Jl(i! ) is real and symmetric, the componerts of ead of its eigen-
vectors all have the same phase (and can be chosento be real). Physically
this correspnds to the invariance of the system under rotations around the
magnetization axis of the collinear state.

The two upper panelsof Fig. @sh(w results for typical systemparameters
for two di erent valuesof g.. Comparisonof the panelsshows that the e ects
of the wavevector cuto on the low-lying excitations have already saturated
for the smaller .. AlImost all eigervaluesofD, Jl(O) lie at positive energiesput
there is often a small fraction of negative eigervalues,indicating an instabilit y
of the collinear state.

In the calculations discussedso far, the Mn positions were chosencom-
pletely at random with a uniform distribution, while in a real (111,Mn)V
semiconductor the Mn ions are supposedto be located on the cation sites
forming an fcc lattice. In the bottom panel of Fig. @ we shaw data for the
samesystemparametersasin the top panelbut with the Mn positions chosen
from an appropriate fcc lattice sud that about 5% of all sites are occupied.
Both plots are practically identical indicating that our obsenations do not
depend on this detail of the modeling.

The shape of the eigervalue distribution of the uctuation matrix D, Jl(O)
is, in the model we have studied, sensitive to the Mn density Ny n, the car-
rier density p, and the Hamiltonian parametersm , J,q, and ao. Situations
in which the collinear ferromagnetic state is, for certain disorder realization,
stable can be approaded most simply, for technical reasons by letting ag be
larger. However for the value of p=Ny p illustrated in Fig.@, correspnding
to a carrier density somewhat lower than measuredin the highest T, sam-
ples, negative eigervaluesoccur for nearly any Mn ion distribution. We note
that negative eigervaluesincreasein number as the wavewvector cuto is in-
creasedtoward its corverged value. Theseresults suggestthat noncollinear
ferromagnetic states are common, that they are sensitive to the distribution
of Mn ions and other defects- especially those that trap carriers, and that
the collinear ferromagnetic state tendsto becomeunstable asmean- eld band
eigenfunctionsbecomemore strongly localized around Mn ion site

To further analyzethe nature of this instabilit y we considerthe partici-
pation ratios for these excitations which we de ne by

" y | # .

p= NunV ji(E) (52)

|

where | isthe | -th componert of the j -th normalized eigervector of D, Jl(O).
The ratio p; is an estimate for the fraction of Mn sites that have important
involvemert in the j-th spin wave. For examplethe zero-made, uniform rota-
tion of all spins,hasp; = 1. Fig.@ shows the disorder-averagedparticipation
ratio as a function of spin-wave energy for the samesituation asin Fig.@.
The property that negative energyexcitations have large participation ratios
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Fig. 19. The disorder-averaged eigenvalue density of the matrix D,Jl(O) describing
magnetic uctuations around the collinear state. The data are obtained for a sim-
ulation cube of volume V = L3 = 400nm*® with a Mn density of Ny, = 1:0nm 3
and a density of p= 0:15nm 2 of carriers having a band massof half the bare elec-
tron mass. The strength of the exchange interaction between ions and carriers is
Jpa = 0:05eVnm 3 with a spatial range of agp = 0:40nm. The two upper panels show
data for di erent wavevector cuto ¢ with the Mn positions chosencompletely at
random. The lowest panel contains data for the same situation asthe top one but
with the Mn positions chosenfrom an fcc lattice. The peaksat zero energy are due
to the uniform rotation mode which strictly occursin any disorder realization.

shows that the instabilities of the collinear state involve correlated reoriena-
tions of many spins, rather than lone loosely coupled moments.

Fig. @sh(ws the disorder-averagedparticipation ratio for the samesitu-
ation asin the top panel of Fig. E The negative-energymodeshave clearly
higher participation ratio than the eigervectorsat positive energy This shows
that the instability of collinear state is dueto long-rangeal uctuations involv-
ing a largefraction of the spins presentin the system Qualitativ ely the same
obsenations are made for other valuesof system parameters.

The e ect of a weak external magnetic eld on the spin-wave excitation
spectrum of the noncollinear state is particularly simple. The eld couplesto
the local momert through its Lande g-factor, adding 2 gHey to the energy
of a spin-wave excitation for S = 5=2, and to the spin and orbital degrees
of freedom of the band electrons. The orbital coupling leadsto Landau lev-
elsthat do not play an important role at weak elds in these highly disor-
dered samples.Zeemancoupling is also unimportant, yielding a contribution
to the spin-splitting that is negligible compared to the mean- eld splitting
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Fig. 20. The disorder-averaged participation ratio for the samesituation asin the
top panel of Fig. E The data is averagedover the sampleintervals of the histogram.
The value at zeroenergy is enhanceddue to the contribution of the uniform rotation
mode in that sample interval.

= JpdNmnS 0:1eV. It follows that the most negative eigervalue of
D, Jl isthe value of g. g Hext Necessanyto forcefull spin alignment of a non-
collinear state. The experimerts of Potashnik et al. [@ demonstratethat the
maximum value of M (T = 0) is achieved over a certain range of annealinghis-
tories. We asscaiate this maximum value with the fully aligned collinear Mn
con guration state; indeed the maximum momert per Mn is consistert with
full alignment partially compensatedby band electrons. For other annealing
histories, M (T = 0) is reduced,correspnding to noncollinear order of the Mn
spins. Calculations lik ethose described above shaw that thesespinsgradually
align asan external eld is addedto the Hamiltonian. We expect full align-
ment to be indicated experimentally by a kink in the M (T = O; Hex ) curve.
At this point, we predict that the systemwill still have gaplessexcitations and
power-law temperature dependenceof the magnetization, in sharp cortrast
to the gapful excitations and exponertially suppressedtemperature depen-
dencethat holds for corventional ferromagnetsin an external magnetic eld.
Spin-resonanceexperiments will neverthelessseea gaped spin-wave spectrum
in this regime, sincethey couple only to the zero mode.

Finally we commert on the degreeof spin alignment in the noncollinear
state. We generalizeour formalism by expandingaround and de ning Holstein-
Primako bosonswith respect to a spin coheren state con guration with
orientations ", = (sin#, cos' |;sin#, sin' |;cos#,). In this generalcasethe
e ectiv e action hasa static cortribution (at zero Matsubara frequency only)
linear in the Holstein-Primako variables:

1 X
=5 laz+az] (53)
|

Suc

with g = gl + ig?, and
VA
=" h

g 2S(er, e) drIir R))
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(hs(r)i e e, + (s(r)i e;)e; | (54)
z
@?="2e, e, &I RO (55)
wheree | = (cos' |;sin' |;0) and e; = (0;0; 1).

The componerts g, represen the gradient of the energy with respect
to distortions parametrized by the z, . As above in the caseof uctuations
around the collinear state, this zero-frequencycortribution can also be ob-
tained via perturbation theory around the given state of Mn spin orienta-
tions. The contribution to S quadratic in the Holstein-Primako variables
involves again a proper Matsubara sum and can be obtained straightfor-
wardly. Howewer, its concreteform for the general caseis more complicated,
and shall not be analyzedhere. A given orientation of Mn spinsis stationary
with respect to uctgations if all complex coe cien ts g, vanish. This is the
caseif and only if d®rJ(r R;)hs(r)i is collinear with the direction "
of the local ion spin. Therefore, the collinear ferromagnetic state is always a
stationary (but not necessarilystable) spin state.

We have employed the energy gradient expression(@) in a numerical
steepest desceh procedureto seart for true energy minima. Our results are
asfollows: In caseswherethe energy minimum found by this method is close
to the collinear state (with a magnetization of about 90% of the maximum
value or more), this minimum appears to be unique for ead disorder re-
alization. We can therefore be con dent that we have located the absolute
ground state of the system. In situations wherethe magnetization is reduced
more substartially , howewver, (by  20% or more) we corverge to di erent
energy minima from di erent starting points. In these casesthe model has
substartial spin-glasscharacter with a complexenergylandscape. This situa-
tion occurstypically for larger ratios p=Ny . For the systemshown in Fig. @
for instance, magnetization valuesat local energyminima are typically 30 to
40% of the collinear state value.

7 Concluding remarks

[11-V compound semiconductorswith Mn substituted for a small fraction of
the cations are ferromagnets. In this chapter we have primarily discussedthe
picture of the physical properties of thesematerials that followsfrom a model
in which eadh Mn producesa S=5/2 local momert and acts as an acceptor.
The valenceband holes and the exdange interaction that couplesthem to
the local momerts are both treated phenomenologically In the simplest ap-
proximation the hole bands are taken to be those of the host semiconduc-
tor, sothat this model has a single unknown parameter, the exchange cou-
pling strength, whosevalue can be determined experimertally . Many physical
properties of this model are relatively simply calculated when a virtual crys-
tal approximation is adopted. When an envelope function approad is used
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to describe the semiconductor bands this is equivalent to replacing the Mn
ions by a corntinuum, completely eliminating disorder. We have showvn that
the mean- eld theory of this model predicts critical temperatures in good
agreemem with experimert, that it can describe qualitativ e features of the
magnetic anisotropy energy including the e ect of lattice-matching strains
betweenthe magnetic epilayer and its substrate, and that it implies valuesof
the anamolousHall e ect often usedto characterize these ferromagnetsthat
are in good agreemen with experiment. We have also described a theory of
the elemenary collective spin-wave excitations of the virtual crystal model.
By comparing the energy of these elemenary excitations with those of the
mean- eld theory, we are able to judge the reliabilit y of mean- eld-theory
critical temperature estimates. In this way we nd that we reac the wrong
conclusion about mean- eld theory when we make the apparertly innocert
choice of using a single parabolic band whosemassis equal to the heavy hole
massof the host semiconductor. For such a model, we nd that with typical
parameters mean- eld theory would give a rather poor estimate of the crit-
ical temperature. However when we use a realistic band model with heavy
and light holes that are coupled the typical energy of collective magnetic
excitations increasessubstartially . The fact that heavy hole states are given
approximately by J=3/2 spin coheren stateswith ak dependert orientation,
plays an essetial role in producing the enhancedspin sti ness. We conclude
that a realistic treatment of the valene band, including its characteristic and
strong spin-orbit mixing, is absolutelynecessaryto achieveevena qualitative
understanding of critic al temperature trendsin theseferromagnets.

Some properties of (I11,Mn)V ferromagnets are misrepreseted by the
virtual crystal approximation. We have examinedthe e ect of Mn site disor-
der on theseferromagnetsboth by performing Monte Carlo calculations and
by ewaluating the collective excitations of disordered systems. The Monte
Carlo calculations evaluate the properties of the model exactly for nite sys-
tems, exceptfor treating the Mn spin orientations as classicalwhich will have
a small e ect on thermal magnetization suppressionat low temperatures.
These calculations con rm conclusionsreached by using the virtual crystal
approximation for the most part, but also highlight someof its limitations.
In particular, while the collinear magnetic state is always stable in the vir-
tual crystal approximation, it canbe unstable when disorder is accourted for,
leading to non-collinear but still ferromagnetic states. This property provides
an explanation to the dependenceof a given sample'stransition temperature
and of the magnetization on details of growth and post-gronth annealing
procedures.

Researth on Mn-doped semiconductorsis a very active area of physics,
both theoretically and experimertally and there are many topics which we
havenot beenableto eventouch upon. For example,studiesof hanostructured
semiconductor systemswith Mn-doped componerts represem an important
componert of dewelopmerts that are aimed towards future spintronic de-
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vices. Nanostructures such as magnetic quantum wells are expected to be
unusual ferromagnets becauseof the possibility of using con nement e ects
and doping pro les to manipulate their magnetic properties. The transition
temperature of these systemscan be tuned by external electric eld [p1], as
demonstratedin recert studiesof (In,Mn)As eld e ect transistors [pg. It is
also predicted [@] that hysteresisproperties of magnetic quantum wells will
be extremely sensitive to external bias voltages. As a result, the magneti-
zation orientation in quantum wells can be manipulated electrically without
changing the magnetic eld. The possibilities for nano-engineeringof ma-
terial properties have already been made apparert by the relatively simple
(Ga,Mn)As digital ferromagnetic heterostructures [@]. These systems are
grown by incorporating submonolayer planes of MnAs into a GaAs host.
They show ferromagnetic transition temperatures up to 50 K [ﬂ@] the
anomalousHall e ect [@] and remarkably squarehysteresisloopswith higher
coercivities [ﬂ] than their random alloy cournterparts. A con dent modeling
of these alternativ e ferromagnetic semiconductorswith cortrolled Mn distri-
bution would signi cantly cortribute to our understanding of magnetic and
transport properties of (I11,Mn)V ferromagnets.

In this Chapter we have highlighted one particular approac to modeling
these materials. We anticipate that other approadeswill also bring useful
insights. In particular dynamic mean- eld-theory calculations are able
to capture someof the Mn alloy disorder physicsin a relatively simple way,
although they do not capture spatial correlations and would not capture
non-collinear states. Similarly rst principles calculations [@] are likely to
prove extremely valuable in the future, once LDA+U or dynamical-mean-
eld theory corrections have been applied to treat the Mn d-electron local
momerts more accurately.
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