Lectures II, Il1l: Quantum Noise
LeonidLevitov (MIT)

Boulder 2005 SummerSchl

| Backgroundon electronshot noiseexp/th
| Scatteringmatrix approach (intro)
| Noisein mesoscopicystems:current partition, binomial statistics

Counting statistics:

Generatingfunction for counting statistics _ _
Passivecurrent detecta; Keldyshpartition function representation

Tunneling

Odd vs evenmoments,nonequiliium FDT theaem
Third moment S;

Driven many-kody systems

Many particle problem! oneparticle problem(the determinantformula)
Coherentelectronpumping

Phase-sensitivaoise, Mach-Zendere ect’, orthogonality catastrophe
Coherentmany-lody states| noise-minimizingcurrent pulses




Noise Intr oduction

Fluctuating current | (t)

Carelation function Go( ) = 1 (t)I (t + ) (time average stationay ow)
Temporal carrelationsdue to quantum statistics and/or source

Electronscountedin a ow, integrity preservedwithout being pulled out of
a many-lody system,no single-electrorresolutionyet | ensembleaverage
picture (but, turnstiles)

R .
Noisespectrum S(! ) = i e S()d,

whereS( )= hR ()1 (t+ Jii = 1O+ ) T

2
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Electr on transpor t

Coherentelastic scattering (mesoscopicsystems,point contacts, etc.)
| scatteringmatrix approach

Interactions(nanotubes, quantumwires, QHE edgestates)| Luttinger
liquid theay, QHE fractional chage thearies

Quantum systemsdriven out of equilibium (quantum dots, pumps,
turnstiles, qubits)

Current autocorrelation function:
Go( )= R(I()I(t+ )+ 1 (t+ )1 (1)

(Note: no narmal ordering, electronscountedwithout being destro/ed)

If you're an electron,

Never Swim
Alone
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Mesoscopic transpor t (crash course)

A quintessentialexample(point contact): 1d singlechannelQM scattering
. 2 : . .
on a barier, »— 0+ U(x) = . Scatteringstatesin asymptoticform:

Functions Functions
elkx uk(x) r Vk(X) -ikx

_ ) e
- t1/2 gk il {12 ik <
irl/2 e-IkX > 11 < irl/2 e|kx

P
Expresselectriccurrentthrough  (x) = A Ui (X) + Bovi(x)
A + P | X k+
F) = &0 (0@ () + hie) = e joe® KX i) (x)

\

2m
X K+ KO - P
A _ k k%x akO IB rt Ak
fx)= e——4¢ K P (x 0
o 2m Bo rtor 1 b
Time-averagegcurrent (at eV Eg only energl sea Er contribute):
hj (x)i R: eve tha,axi + (r 1)hby bei = Ft 20'—[ L() nr()] =

(et=h) [f( eV) f()d = €tV

Ohm'slaw: I = gV (I R = V) with conductanceg = 1=R = i—zt (Landauer)
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Multiterminal system,reservoirsscatteringstates
Pt iPr
SinglechannelS-matrix: S = i|O - IOf (optical beamsplitter)

Scattering manifestin transport | quantization of g in point contacts
of adjustablewidth (many parallel channelswhich open one by one as a

2 P
g - 2% n tn
Conductanceguantum:

2e?=h = 1=13k 1

adaptedfrom van Weeset al. (1991)

CONDUCTANCE (26'7h)

(I 1
-20 =1.3 -1.6
GATE VOLTAGE (vals)
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Electron beam partitioning

Incident electronstransmitted/re ected with probabilitiest, r = 1 t;

At T = O, biasvoltageeV = | L, transport onlyat r < < :
() Fully lled Fermiat < ; g; (i) All emply statesat > [; g.

Meancurrentl = 2eN., r = € RLtzd— = e—A_ZtV (two spinchannels)

_~

Noiselessource(zerotemperature)| binomial statistics with the number
of attempts duringtime : N = ( L R) =2 ~= eV =h

(2e’=h)V | agreeswith microscopic

Transmittedchage Qi = 2eN
calculation!
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Mesoscopic noise

Find noisepower spectrum for a singlechannelconducta (no spin):
S = hf()(0) + 1O (t)ii e " ‘dt

P —
P . a’ I rt a
A — (K kO)t kO - :
J (1) k:kOEVF € s iE’ rt pr 1 bk
P 2 DD a’ i rt a *EE
_n = KO rt ‘
Si =0 «koeVe)® (ko "0 rt r 1 by

= kGZVtht(a;ak b;bk)+ipﬁ(a[<’bk by, ax) [h:c:]ii

Averagiggwith the help of Wick's thearem, obtain
So= % d t3(nc( nu)+ng@ ngR) +rt(nc@  ng)+ nr@  ny))

For reservoirsat equilibrium, with n.gr () = f( %eV), have

(
Sy = eh_2 t2kT + rteV coth &Y. = gkT eV KT, thermal noise;

2kT regeV. eV KT: shot noise

Note: So(eV kT) = re?l | Shottky noise,suppessedoyr = 1t (Lesovik'89)
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Noisedueto electronbeam partitioning

e

SE00 @ S=s
LIRS N

Incidentelectronswith g < < | transmitted/re ected with probabilities

t,r=1 t(Notransportat < | ; rand > [; Rr)

Noiselessource(zero temperature)| binomial statistics with the number
of attempts duringtime : N = ( L rR) =2 ~=eV =h

Probability of m out of N electronsto be transmitted:
Pn=Cot™rN m(C' = N!'=m!/(N m)!| binomialcoe cients)

P
Meanvalue:m = § mPy, = t@(t + r)N = tN
Variance: m2=m2 m?= (t@)%(t+ r)N m? = rtN
Variance= (1 t) Mean

| agreeswith microscopiccalculation!
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Noisein a point contact, experiment

=
i
»
5
b

Moise, 8 [10-2 A4Hz)

Condactivity, G [eih]

Gate Vaoltage, "l’“ vl

FIG, 2. Naoise spectral density S(p) and normalbized hnear
conductance & vs gate voltuge V. The noise is measured for
Vor = 00.5,1,1.5,2, and 3 m¥. Imsct: Dependence of the first
peak height (same scale as in main fipure) on injection vollage
Vg, The dashed straight line is-the predicted behavior., The
conductance is shown for Ve = (005, 1.5, and 3 mV

P
Shot noise summedover channels,Sp = 2Tezt.n(l tn) | minimaon
QPC conductanceplateaus(adaptedfrom Reznilov et al. '95)
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Examplefrom optics: photon beamsplitter with noiselessource

Considem identical photons,in a number state jni, incidenton a beam
splitter.

P p_
An  _ pt_ |S_r Aout
o T t Dout
ini = el (aj,)"jo0

P .
= oL aly + 1"

Pm=n. _ _ .
mzonln mCrr1ntm—2r(n m)_z(a:)rut)m(b;ut)n ijI

b, )"j0

[
U Eﬂ:'_\

= MIrin m(cmTm=2r(n M=2jp:n i

Probability to transmit m out of n photonsisP,, = C't™r" ™ | binomial
statistics

Coherent,but noiselesssource! classicalbeam partitioning
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Shot noise highlights (f or exper ts)

Noisesuppessionrelativeto Scottky noiseS, = el (tunneling current). In a point

contactS, = (1 t)el (Lesovik'89, Khlus'87)

Multiterminal, multichannelgeneralization;Relationto the random matrix theary;

Universall=3 reductionin mesoscopiconductas (Buttiker '90, Beenakler '92)

97 (

'04)

Measuredin a point contact (Reznilov '95, Glattli '96)
Measuredin a mesoscopiavire (Steinbach,Martinis, Devaet '96, Schaelkopf '97)

Fractional chage noisein QHE (Kane, Fisher'94, de Picciotto, Reznilov '97, Glattli
= 1=3), Reznilov'99( = 2=5))

Phase-sensitivéphoton-assistednoise(Schoelkopf '98, Glattli '02)
Noisein NS structures,chage doubling (Kozhevnilov, Scheelkopf, Prober '00)
Luttinger liquid, nanotulkes (Yamamoto,'03)

QHE system; Kondo quantum dots; Noisenea 0:7e?=h structure in QPC (Glattli

Third moment S3 measuremen{Reulet, Prober '03, Reznilov '04)

L Levitov, Boulder 2005 SummerSchool Quantum Noise 10



Experiment al issues, briefl y

Actually measuredis not electric current but EM eld. Photons
detachedfrom matter, transmitted by 1m, ampli ed, and detected,

Matter-to- eld conversiorharmlessif thereis no backaction:

Device + leads+ environment. Engineerthe circuit so that the
Interestingnoisedominates(e.g. a tunnel junction or point contact of high
Impedance)

Detunefrom 1=f noise

Limitations due to heatingand detection sensitiviy
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Full counting statistics
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Counting statistics genera ting function

Probability distribution P, ! cumulantsmy = hmKii
my = N, the meanvalue;
m,= n2=n2 n?, the variance;
mz= n3= (n n)3, the skewness;

P
Generatingfunction ( )= | ek Py (de ned by Fourier transfam),

X
n[ (=" o

k>0

(i )

While P,, Is mare easyto measure, ( ) Is more easyto calculate!

The advantageof ( ) overP, simila to partition functionin a grand
canonicalensembleappoach

Ex I: Binomial distribution, P, = CRp"(1 p)N " with N the number
of attempts, p the successrobability! ( )= (pe +1 pN

Ex Il: Poissondistribution, P, = %e () = exp(n(e 1))
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Counting statistics, micr oscopic formula |
WANTED: A microscopicexpessionfor the generatingfunction
()= q P(g)e 9 for a genericmany-ody system

Spin 1=2 coupledto current: Hej:spin = He(p @ 3;9)

Counting eld a = % (X Xp) measuresurrent through cross-section
X = Xpo
EX. Coupling to classicalcurrent H = = 3l (t); time evolution of spin:
j"i = e O j# = e (V=D #i
R
Spin precessesn the XY plane, precessionangle (t) = Ot | (t9dt°
measuredime-dependenttransmitted chage

TS 9123

-0 o
-—0 o I

A7) q(t)

Disclaimer: Our goal is to clarify microscopic picture of current
uctuations, not to descrile realistic measurement

IR
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Counting statistics, micr oscopic formula ||

In QM currentis an operata and[l (t);1(t9] 6 0! Needa more careful
analysis!

Spin densiy matrix evolution (ensemble-averaged):

|
. _ (0) hell  te iH (0)
(t) = he 'Ht OelHtie| - h iH t- iH t: (0) (0) o
e € Lel g it

hiie = Tra(c: o)

Examinethe classicalcurrent case: spin precessedy , = n for n
transmitted particles.
| |

(0) in (0 0) in : (0)°
=" P w0 of = e i O " "
e H e I g i

Identify he' (Vi = he/d i with (), the generatingfunction
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Main resul t:
( ) isgivenby Keldyshpartition function
I

D | " E
()= Tkexp i H (t9dt°
CO;t
with the counting eld (t) = antisymmetric on the forward and
backward parts of the KeldyshcontourCy; [0! t! O]
Properties:

P
1. Normaization: qgPg=1since ( =0)=1
2.Pg= ed ()& O

3. Chage quantization: ( ) is 2 -periodic in  (for noninteracting
particles)

Features:

Descrilesnot just spin 1=2 but a wide classof passivecharge detectas,

suchasheavyparticle H = p°=2M  f (t)q at large M (no recoil);
Minimal baclkaction, measurementa ects only forward scattering:
H; ,]=0;

Géod for genericmany-body system
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Compare: Larmor clock for QM collision
Nuclea reaction,tunneling, resonancescattering,etc. | How long doesit take?

Add a ctitious spin1=2 to particle: U(x) ! Uers = U(x) + 3! (X) »
with ctitious eld ! (x) nonzeroin the spatial regionof interest.

Potential barrier Resonance scattering

}

S cl | —=

V

Spin precessesabout the Z axis during collision: precessionangle measurestime.
Analysissimila to passivedetecta (one paticle!) yields
Z
(1)=Tr(S [S )= e" P()d

with P () interpreted as probability to spendtime in the regionof interest

Resonancescattering: S( ) = —2 =2 gives (!) = ——— =1 with

0 | oo+ P++

detuning = 2( o). Obtain positive or negativeprobabilities! (Caution)
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Variety of topics

Tunnelingproblem. S,, S3 Nonequilisium FDT thearem. Relationwith
Glauler theay of photocounting.

Driven many-ody systems. For noninteracting paticles (fermions or
bosons) ( ) can be expessedthrough time-dependent one-paticle S-

matrix. Pumps, coherent current pulses, photon-assistednoise! next
lecture

Mesoscopicnoise in normal and superconducting systems (Nazaov,
Nagaev)

Mesoscopighoton sourcegBeenakler)
EntangledEPR states, counting statistics (Fazio)
Spin current noise(Lamacraft)

Baclkaction of spin 1=2 counter (Muzykantsky)
Role of environment(Kindermann)

Quantum information/entropy (Callan & Wilczek, Vidal, Kitaev)

Orthogonality catastrophe,Fermi-edgesingulaity
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Counting statistics of tunneling current

Focus on the tunneling problem (generic interacting system). Tunneling

Hamiltonian
H=H,+H,+ V¥

whereH 1., and¥ = 1, + J%1) descrite leadsand tunnelingcoupling). The
counting eld (t) is addedto the phaseof the tunnelingoperatas J1z, 351

as | |
0 =ex OJp) + e 2 OFy(1)
with o« = . (Justi ed usingone-paticle tunneling problem)

Transfom the bias voltage into a phase factor, Ji, | Jioe VY,
3511 55169V L. In the interaction representation,write

D | =
()= Tkexp iV o(thdt°
CO;t

using cumulantexpansionas a sum of linked cluster diagrams.
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The lowestorderin the tunnelingcouplingj\lz, J\21 Is givenby linked clusters
of order two. Obtain ( ) = eV (), where

| | D E

W( )= % TV 10tV (1og(t%Y dt%it®
Cozt

More explicitly,

W()=(€ 1INy 2(t)+ (e' 1Nz 1(t)

Z Z ZZ,

t
Ni 2= P51 (19 312(t%i dtt®® Ny 4 = Wf12(t9 321 (t%i dt %t
0 0 0 0
with Nji «(t) = njkt the mean particle number transmitted between the

contactsin atime t (cf. Kubo formula).

Resultingcounting statistics is bi-directional Poissonian

()=exp (€ 1INy o)+ (e ' 1Ny 4(t)
True in any interacting system,in the tunnelingregime.
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Nonequilibrium  Fluctua tion-Dissip ation theorem
P N T
The cumulantsare generatedasin ( )= _, ('k,) “‘qqk L with g the
' 0

tunneling charge. Obtain

(
« (N2 nap)t; k odd

h gfii =
4 0 (N2 + No)t; k even

Setting k = 1;2, relateniz  np; with the time-averagedcurrent and the
low frequencynoisepower:

N> N1 = 1=, N+ Noy = So=c:
Relatethe secondand the rst corelatar:
S; = W gfii=t= (Ny 2+ Nz 1)=(Ny 2 Nz 1)l = coth(eV=2kg T)cpl

Nyquistfor eV < kg T, Schottky for eV > kgT.

A universalrelation| holdsfor anyl V characteristic(linea respnce
not required,cf. FDT in equilibrium)
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Application in metrology

Primary Electronic Thermometry

Using the Shot Noise of a Tunnel —
Junction E

y u.ﬁ%:liif?" Ty S ]
Lafe Spietz,’ K. W. Lehnert,’2 L Siddiqi,” R. . Schoelkopf’

- iE;I ; E!’;' | iy o : R,
We present a thesmometer based on the electricalneise from & tunnel junction 0.5% Lbﬂ' a7 * T"’ﬂﬂ'ﬁﬂ ot

In this thermameter, temperature is related to the voltage across the junction
by a relative noise measurement with only the use of the electran dharge, ':’ﬁl :E' ﬂ“fﬁﬂﬁ}*ﬂ- %ﬁgyﬂf 3-.-“-'

Boltzmann's constant, and assumption that electrons in a metal obey Fermi-

Drac statistics. We demonstrate proof-of-concept operation of this primary aa: | 11 -..;-’-ﬁ""w -"'l.,. w ,ZT‘:,_'E """""'."' ‘l’l‘i'
thermometer over four orders of magnitude in temperature, with as high as

01% accuracy and 0L0E% precision in the range near 1 kelvin The self- B L1 =
calibrating nature of this sensor allows for 2 much faster and simpler mea- x=eV/2kT

surement than traditionsl johnson noise thermometry, making it potentially Fig- 3. Normalized junction noise plotted versus
attractive for metrology and for general use in cryogenic systems. normaized voltage at various temperatures.
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Generalized Schottky formula for S;

Relate the third cumulant th gdii q q ° = St with h g = It.
Obtain a Schottky-like relation for the third corelatar spectral power Ss:

S I fii=t= gil
| independentof the mean/varianceratio (N2  Np)=(N12 + Nyq).

SinceNqp >=N, 1 np=ny; = exp(eV=kgT) (detailed balance),the
relation Sz = ¢l holdsat any voltage/temperatureratio.

Good for usingshotnoiseto determineparticle chargein Luttinger liquids
and fractional QHE (heating limitation: S, = gl requireseV > kgT).

y A possibiliy to measuretunneling quasipaticle chage at temperatures
B eV
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The 3-rd carelatar in terms of the counting distribution pro le:
hgi = 1t = mear i o?ii = Syt = variance th o®ii = Sst = skewness

10"

[EY
=3
N
T

Counting probability
[N
o

10 - N12:20, '\51:0 \
! - - - Gaussian !

| | | \

0 5 10 15 20 25 30 35 40
Transmitted charge q7e

The third momentdetermineskewnes®f the distribution P (q) pro le. Thisisillustratedby a bi-directionalPoissoniardistribution
and a Gaussiarwith the samemeanand variance. For S3 > 0 the peaktails are stretchedmore to the right than to the left.
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Measurement of Sz in a Tunnel Junction:

First experiment, low impedance(500hm) tunnel junction (B. Reulet, J.
Senzier,and D.E. Prober, Phys. Rev. Lett. 91, 196601(2003));

High impedancegunction (M. Reznilov et. al. '04):

bin number

! Voltage | |
0 5 10 15 20 20 10 0 10
1 (10° A) 1(10° A)

Transmitted charge distribution and its momentsS, and S;. Poisson
behavio S; = €l con rmed.
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Tunneling summary:

1) The counting statistics of tunneling current is bi-directional Poissonian
universallyand independently of the chaacter of interactionsand thus of
the form of | V dependence.

2) Nonequilisium FDT relation S, = coth(eV=2kg T )l

3) Shottky-like relation for the third carelatar S; = g3l at both large and
smalleV=kgT.
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Counting statistics of a driven many-bod y system
Time-dependentexternal eld and scattering(noninteractingfermions)

~ Weobtainthe generatingfunction in the form of a functionaldeterminant
In the single-paticle H|Ibert space:

()= det £+n;td T (1) %

J

T (@t)=9" (S (t); S (t)j = eTS(t).JP

with reservoirdensiy matrix n(t; t9r-o = 5 Ty S <0 () g
time-dependentS-matrix S(t) and sepaate ; for eachchannel
2
X iy 3
1 =3
Z 4
3\
- 5

Time- dependent eld (voltageV (1), etc.) includedin S (t). No time delay:
S(t;t9 " S(t) (t t9 (instant scatteringappx. | nonessential)
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Simple and not-so-simple facts fr om matrix alebra
Usefulrelationsbetween2-nd quantizedand single-paticle operatas:

X!
A (A)= Aij ai+ q
1] =1

(mappingof matricesN N | 2V 2N},

Tre(A) = det 1+ &

| fermion partition functionZ = Tre " with H= (A))
Note: For A = 0 obtain 2N = 2N

Tr e(AelB) =det 1+ &*eP

Tr e(AMelBlelC) =(det 1+ *eBeC

Provenusing Baker-Hausdo serieéfbr In(e* ") (commutatar algelya for
X, Y the sameasfor ( X), (Y))
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Deriving the determinant formula |
Write c.s. generatingfunction as
( ): Tr eleiH te iH t
withH = (h ), = 2e "o Obtain
=7 det 1+e Me" fe Mt = get 14e " 14 Mogh teh

Finally with A= 1+ e Mo ' have

()=det 1 n+neh te Nt
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Deriving the determinant formula |1l
Relateforward-and-backvard evolutionin time with scatteringoperata:

At

| Slsbly '%k ,,,,,,,,,,,,,,,
A\ - .
—/ \ - e|h1t
,,,,, Soly %i
1 /_\k o
eA
e/\y X

Thus tgeh te M titi = S Y()S (1) (t 9
with jti a wavepaclkt arriving at scattererat time t.

()=det 1 A+nS !s

A single-paticle quantity | Fermi-statisticsaccountedfor by det!

(Generalizeto bosons:det(1 + ::x) ! detl ::) 1)
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A more Intuitive appr oach: DC transpor t
For elasticscatteringdi erent energiescontribute independently:
v | £ d
()= () re ()=exp t In ()7— ;

(quasiclassicatlvV = d dt=2 ~).

2
X 1y 3
1 =
Z 4
3\
5
Sum over all multiparticle processes:
X L i+ )
( ) = ezt 1 ko Tk Pll;::Z;i ilon] ko
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with the rate of k particlestransitiq; ik ! J1;:5]« IS givenby

with Sij 11 .......... J kk antisymmetrizedoroduct of k singleparticle amplitudes.
This Is equalto our determinant(Provenby reverseengineering)
Positive probabilities!
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Point cont act (beam splitter): 2 2 matrices

()=@ n)@ np)+ (Suj?+ e 2 DjSuidnyl  ny)
+ (jS22j? + €20 1 2jSpjd)n,(1 ny) + jdetSjPnin,; (1)

withnyo( ) = f( 3eV) andS; isunitary: jSyij?+jS,j% = 1, jdetSj = 1.
Simplify: ()= 1+t(e 1ny(1 ny)+te' 1)ny(l ny) Here
t = jS»1j% = jS12j° is the transmissioncoe cient and = , 1.
At T =0, sinceng( )= 0or1l, for V> 0 have

():(e‘t+1 t; jj<

1; J 1>

eV;
eV

NI N[

Full counting statistics: ()= (¢ p+ 1 p)NC) | binomial, with the
number of attempts N ( ) = (eV=h) .

Similar at V < 0, with e ! e ! (DC currentsignreversal).
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Note: the nonintegemumber of attemptsis an artifact of a quasiclassical
calculation. More careful analysisgives a narow distribution Py of the

number of attgsnpts pealedat N = N ( ), and the generatingfunction asa
weightedsum Py~ ( ). The peakwidth is a sublinea function of the

measurementime (in fact, N2r- / In ), the statistics still binomial,
to leadingorderin t.
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Stra tegies for handling the determinant

Two strategies:

1) For periodic S(t), In the frequencyrepesentationnn is diagonal,
n(!')=f(), while S(t) hasmatrix elementsS, o, with discretefrequency
change! ° ! = n , with the pumpingfrequency In this methad the
energyaxisis dividedinto intervalsn <! < (n+ 1) , and eachinterval
iSs treated as a sepaate conductionchannelwith time-indegendentS-matrix

1 O .

2) The determinantcan alsobe analyzeddirectly in the time domain:
h i
@In ()=Tr 1+n(T 1) ‘@T
with T (19 =S *()S (t) (t t9, n(ttY= (¢ t°+i) L
The problemof invertingthe integraloperata R = 1+ n(T 1) isthe

so-calledRiemann-Hillert problem (matrix generalizationof Wiener-Hopf,
well-studied,exact and approximate solutionscan be constructed)
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Phase-sensitive noise
Chage ow inducedby voltagepulseV (t) in a point contact

A pulseV (t)caresmpndsto a step In the forward scatteringphase
e i 0P Pg e

S)y= " P-4 (t)p (t) = V (t%dt°

The meantransmitted chageq=te =2 | Independentof pulseshape
In contrast, the variance ¢? exhibitscomplexdependence:

Z Z Z

— 1 € 1
2= 2t(1 t)e ~dt, dt =
q ( ) 1, 1) 10t 12 g

to

V (t9dt°

! | @

Gives ¢/ (1 cos )In(tmax =tp) + const| periodic in the pulsearea
and log-divergent(tnax  ~=kgT)

Interpret the log as orthogonality catastrophe: long-lasting change of
scattererat 6 2 n causesn nite number of soft particle-holeexcitations

Shot noiseis phase-sensitivg Mach-Zendere ect in electronnoise

L Levitov, Boulder 2005 SummerSchool Quantum Noise 36



Minimizing unhappiness

Ry 0
. . o AR1 exp i 28V (19t .
Find noise-minimizingoulseshayes: (t11t2)2 dt;dt, ' min

| aninterestingvariational problem, solvedby pulsesof integerarea?2 n:

~ X 2

V(t) = Eizl:::n (t ti)2+ i2

(i>0)

Lorentzian pulses(overlappingor nonoverlapping)

Degeneracy: @2 = €t(1 t)n, the samefor all t;,

Addicted

e}

{ -"m":r‘q::pin £88
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Coherent time-dependent many-bod y states

Varianceof transmittedcharge ¢ = €t(1 t)n| independentof pulse
parameterst;, ;, samevalueas for binomial distribution with the number
of attemptsn

Binomial counting statistics from the functional determinant (exactly
solvableRiemann-Hillert problem):

n

()= tel +1 t
Interpretation: pulses independentattempts to transmit chage
Coherentcurrent pulses:
Noisereducedas much asthe beamsplitter partition noisepermits
Similarity to coherentstates(QM uncertainy minimized)

Many-body objectswhich behavelike songleparticles. Fully entangled?
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Measurement of phase sensitive noise

Instead of a train of pulses (which is dicult to realize) used a
combinationof DC and AC voltage,V = Vpc + Vac cos t | oscillations
In noisepower (Besselfunctions), while DC current is ohmic:

!

@5y 2 X X
= Z¢° tm(l  tm) Jﬁ(VAc:~) (eVoc n-~)
@/DC m n

Observedn mesoscopiavires(Scheelkopf '98), point contacts(Glattli '02)

VIEW LETTERS 16 MarcH 1998

dS; /dV

b) Experimeant

Increasing
st Power

| V.= Ve

—— 0 GHz
—— 25GH:
===== Theory L4t

1 1 ] ] | I
2 -15 -0 -5 1] 5 10

Power (dB)

FIG. 2. Differsntal noise g5, /dV) at a voltage of ~40 gV

N s 4 function of the applied microwave power. Solid curves

200 0 200 show the measwed nose for microwave fequences of 20

and 25 GHz, whilz the dashed lines am calculatzd according

Voltage (UV) to Eq.¢1). For high applied frequencies, the dam show 1

FIG. 1. Theoretical and experimental vanabon of differsn- danl_l-"c‘d mc:ilLaroryb::ha'.'lor comsistent with the G-KPE'Md Bessel
tial shot noiss versus voltage, with 20 GHz ac excitation. functioms.

dS; fdV (arb. units)

d%8,/dV? (arb. units)  95,/dV (arb. units)

Increasing .l
ac Power

i hv.l'e§

L Levitov, Boulder 2005 SummerSchool Quantum Noise 39



Case studies

(1) Voltage pulsesof di erent SignNs(p ivanov,H-W Lee,andLL, PRB 56, 6839(1997))

h 2 1 2 -
V(t) = —
() e

(t t1)2+ 7 (1 t2)2+ 2

giveriseto the countingdistribution

()=1 2F+F(E +e'); F=td t)2

with z13.0 = t1o + i 1.0. The quantity A = j:::;j° is a measureof pulses'
overlapin time: A = 0O (full overlap),A = 1 (no overlap).
Note: ( ) factorizesfor nonoverlappingulses

(i) Two-channelmodel of electronpump ((o wanovandLL, JETP Lett 58, 461 (1993)):

S( ) r t© _ B+ be' A+ ag _
t r© A+ ae B bé !
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which is unitary provided jAj? + jaj° + jBj> + jb° = 1, Aa+ Bb= 0
(time-independentparameters).

For T = Oand | = g the chagedistribution for m pumpingcyclesis
descriled by

()= 1+pi(e D+pe’ 1)"

with p; = jaj*=(jaj* + jB*) and p; = jb*=(jaj + jb*): at eachpumping
cycle an electron is pumped in one direction with probability p;, or in

the opposite direction with probability p,, or no chage is pumped with
probability 1 p; po.

Alsocanbe solvedat | 6 R: more complicatedstatistics.
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Counting statistics of a char ge pump
DC current from an AC-drivenopen quantumadot. (Exp: Marcusgroup'99)

5
GaAs Al Ga; As —1um

The time-averagedpumped current is a purely geometric property of the

path in the S-matrix parameter space,insensitiveto path parameterization
(Brouwer '98, Buttiker'94).

Noisedependenceon the pumpingcycle? Boundson the ratio noise/current?

Here, considergenericbut small path Vy(t), V»(t):
Vi

Lg
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Counting statistics for a generic pumping cycle

Focuson the weakpumpingregime,a smallloop in the matrix parameter
space:S(t) = eA (VSO with perturbation A(t) (antihermitian, tr AYA 1)
and S© s the S-matrix in the absenceof pumping.

Expandin ( )=det £+ n(t;t9Y S @S @) I inA®):

1 1
In =St A% +A%? 2A A étr(hB )2

with A (t) = €7 3A(t)e '23; B ()= A (1) A (t)
Us;ingﬁ%:O = Ny-o, Sepaate a commutata:

In ()= %tr (A[A A ])+% tr A°B2  tr(AB )?

The commutata is regulaized as the Schwingeranomaly (splitting points,
t%t%=t =2), whichgives

I

5 nt%t%9r (A (YA Y A @t%9A 1Y) dt
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Averageover small (insert additional integralsovert® t% or just replace
A (t)! %(A (t) + A (tY), etc.) Inthelimit ! O, obtain
|

r(A @A A @A )dt

(n )= o

The secondterm of In  is rewritten as

| |
1 tr (B (1) B (t9)°
(In )2= 22 )2 t 12 dtdt®

Now, combine(In )1 with (In )2, and simplify
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Bi-directional Poissonian st atistics

Convenientdecommsition A = ag + z + z¥, suchthat [ 3;ag9] = O,
[ 3;2]1= 2z, 3;2Y = 22V, gives

A e '73Ae73=gy+ €220+ e '22

B = €z elz W W 2z z

In this reresentation,

| |
_sin | (1 cos ) tr (W(t) W(@E9° . .,

The rst term is identical to the Brouwer result (invariant under
repaameterizationand has a purely geometriccharacter), the secondterm
descrilesnoise.

Note the -dependence:u(e 1)+ v(e ' 1)! 2P statistics
()=exp ud 1+ve' 1)
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Provethat
1) u;v 0 for genericpumpingcycleW (t);

2) u= 0orv = 0for specialpathsW (t) holomaphic in the upper/lower
half-planeof complextime t;

Then the ratio current=noise= (u Vv)(u+ v) is maximalor minimal

(equal ¢, 1 per cycle), whenu = 0 or v= 0. The counting statistics in
this caseis pure poissonian.
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Example of a single channel system (two leads) driven by Vi(t) =
a;cos( t+ ), Vpo(t) = apcos( t). The pumpingcycle:

W (t) = . (zt) Z(Ot) ;o Z(t) = zaVi(t)+ zoVa(t);  (z1.2 system parameters)

& N
I

Current to noise ratio, 1/J, in the units of el

Currentto noiseratio, | =J = do 1(u v)=(u + v), asa function of the driving signalparametersfor a singlechannelpump.

The two harmonic signalsdriving the systemare chaacterizedby relative amplitude and phase,w = (V1=V2)ei . Maximum
and minimum, asa functionof w, are | =J = do 1.
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Pump noise summary:

1) Pumping noise is super-poissonian; counting statistics is double-
poissonian;

2) The current/noise ratio can be maximizedby varying the pumping
cycle(relative amplitude or phaseof the driving signals);

3) Extremal cyclescarespnd to poissoniancounting statistics with a

universalratio _ .
current=noise= @,

(another generalizationof the Schottky formula).
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