
Lectures II, III: Quantum Noise
LeonidLevitov (MIT)

Boulder2005SummerSchool
| Backgroundon electronshot noiseexp/th
| Scatteringmatrix approach(intro)
| Noisein mesoscopicsystems:current partition, binomial statistics

� Countingstatistics:

| Generatingfunction for counting statistics
| Passivecurrent detector; Keldyshpartition function representation

� Tunneling

| Odd vs evenmoments,nonequilibrium FDT theorem
| Third momentS3

� Driven many-body systems

| Many particle problem! oneparticle problem(the determinantformula)
| Coherentelectronpumping
| Phase-sensitivenoise,`Mach-Zendere�ect', orthogonality catastrophe
| Coherentmany-body states| noise-minimizingcurrent pulses



Noise Intr oduction

Fluctuating current I (t)

Correlation function G2(� ) = I (t)I (t + � ) (time average,stationary 
o w)

Temporal correlationsdue to quantumstatisticsand/or source

Electronscountedin a 
o w, integrity preserved,without beingpulledout of
a many-body system,no single-electronresolutionyet | ensembleaverage
picture (but, turnstiles)

Noisespectrum S(! ) =
R1

�1 e� i! � S(� )d� ,

whereS(� ) = hhI (t)I (t + � )ii = I (t)I (t + � ) � I
2
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Electr on transpor t
Coherentelastic scattering (mesoscopicsystems,point contacts, etc.)

| scatteringmatrix approach

Interactions(nanotubes,quantum wires,QHE edgestates) | Luttinger
liquid theory, QHE fractional charge theories

Quantum systemsdriven out of equilibrium (quantum dots, pumps,
turnstiles,qubits)

Current autocorrelation function:

G2(� ) = h
1
2

(I (t)I (t + � ) + I (t + � )I (t)) i

(Note: no normal ordering,electronscountedwithout being destroyed)

If you're an electron,
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Mesoscopic transpor t (crash course)

A quintessentialexample(point contact): 1d singlechannelQM scattering
on a barrier, � ~2

2m  00+ U(x) = � . Scatteringstatesin asymptoticform:

eikx  

ir 1/2 e-ikx  
t1/2 eikx  

Functions  u
k
(x) 

e-ikx  

ir 1/2 eikx  
t1/2 e-ikx  

Functions  v
k
(x) 

Expresselectriccurrent through  (x) =
P

k

�
âk uk(x) + b̂kvk (x)

�
:

ĵ (x ) = e
2m ( �  + (x )@x  (x ) + h:c:) = e

P
k;k 0ei (k � k0)x k+ k0

2m  +
k0(x )  k (x )

ĵ (x) =
X

k;k 0

e
k + k0

2m
ei (k � k 0)x

�
a+

k 0

b+
k 0

� �
t i

p
r t

� i
p

r t r � 1

� �
ak

bk

�
(x � 0)

Time-averagedcurrent (at eV � EF only energiesnear EF contribute):
hj (x ) i = evF

P
k t ha+

k ak i + ( r � 1)hb+
k bk i = evF t

R
dk

2� ~ [n L ( � ) � n R ( � )] =

(et=h )
R

[f ( � � eV ) � f ( � )] d� = e2

h tV

Ohm's law: I = gV (I R = V ) with conductanceg = 1=R = e2

h t (Landauer)
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Multiterminal system,reservoirs,scatteringstates

SinglechannelS-matrix: S =
� p

t i
p

r
i
p

r
p

t

�
(optical beamsplitter)

Scatteringmanifest in transport | quantization of g in point contacts
of adjustablewidth (many parallel channelswhich open one by one as a
function of Vgate )

g = 2e2

h

P
n tn

Conductancequantum:
2e2=h = 1=13k
 � 1

adaptedfrom van Weeset al. (1991)
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Electronbeampartitioning

e ee e e

Incident electronstransmitted/re
ected with probabilitiest, r = 1 � t;

At T = 0, biasvoltageeV = � L � � L , transport only at � R < � < � L :
(i) Fully �lled Fermi at � < � L ; � R ; (ii) All empty statesat � > � L ; � R .

Mean current I = 2eNL ! R = e
R� L

� R
t d�

2� ~ = e2

~ tV (two spin channels)

Noiselesssource(zero temperature) | binomial statistics with the number
of attempts during time � : N� = (� L � � R )� =2� ~ = eV� =h

Transmittedcharge hQi = 2eN� � = (2e2=h)V � | agreeswith microscopic
calculation!
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Mesoscopic noise

Find noisepower spectrum for a singlechannelconductor (no spin):
S! = hĥj ( t ) ĵ (0) + ĵ (0) ĵ ( t ) ii e� i! t dt

ĵ ( t ) =
P

k;k 0evF e� i ( � k � � k0) t
�

a+
k0

b+
k0

� �
t i

p
r t

� i
p

r t r � 1

� �
ak

bk

�

S! =0 =
P

k;k 0(evF )2� ( � k � � k0)
DD ��

a+
k0

b+
k0

� �
t i

p
r t

� i
p

r t r � 1

� �
ak

bk

�� 2 EE

=
P

k e2vF hh
�
t (a+

k ak � b+
k bk ) + i

p
r t (a+

k bk � b+
k ak )

�
� [h:c:]ii

Averagingwith the help of Wick's theorem, obtain
S0 = e2

h

R
d�

�
t 2(n L (1 � n L ) + n R (1 � n R )) + r t (n L (1 � n R ) + n R (1 � n L ))

�

For reservoirsat equilibrium, with nL;R (� ) = f (� � 1
2eV), have

S0 = e2

h

�
t2kT + r teV coth eV

2kT

�
=

(
gkT eV � kT; thermal noise;
r e2geV eV � kT; shot noise

Note: S0(eV � kT ) = r e2I | Shottky noise,suppressedby r = 1 � t (Lesovik'89)
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Noisedue to electronbeampartitioning

e ee e e

Incidentelectronswith � R < � < � L transmitted/re
ected with probabilities
t, r = 1 � t (No transport at � < � L ; � R and � > � L ; � R )

Noiselesssource(zero temperature) | binomial statistics with the number
of attempts during time � : N� = (� L � � R )� =2� ~ = eV� =h

Probability of m out of N� electronsto be transmitted:
Pm = Cm

N tm r N � m (Cm
N = N !=m!(N � m)! | binomial coe�cients)

Mean value: m =
P N

0 mPm = t@t (t + r )N = tN
Variance: � m2 = m2 � m2 = (t@t )2(t + r )N � m2 = r tN

Variance= (1 � t) � Mean

| agreeswith microscopiccalculation!
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Noisein a point contact, experiment

Shot noisesummedover channels,S0 =
P

n
2e2

h tn (1 � tn ) | minima on
QPC conductanceplateaus(adaptedfrom Reznikov et al. '95)
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Examplefrom optics: photon beamsplitter with noiselesssource

Considern identicalphotons,in a number state jni , incident on a beam
splitter.

�
ain

bin

�
=

� p
t i

p
r

i
p

r
p

t

� �
aout

bout

�

jni = 1p
n !

(a+
in )n j0i

= 1p
n !

(
p

ta+
out + i

p
r b+

out )n j0i

= 1p
n !

� P m = n
m =0 i n � m Cm

n tm= 2r (n � m )=2(a+
out )m (b+

out )n � m j0i
�

=
P m = n

m =0 i n � m (Cm
n )1=2 tm= 2r (n � m )=2jn; n � mi

Probability to transmit m out of n photonsis Pm = Cm
n tm r n � m | binomial

statistics

Coherent,but noiseless,source! classicalbeampartitioning

L Levitov, Boulder 2005 SummerSchool Quantum Noise 9



Shot noise highlights (f or exper ts)
� Noisesuppressionrelative to Scottky noiseS2 = eI (tunneling current). In a point

contact S2 = (1 � t )eI (Lesovik'89, Khlus '87)

� Multiterminal, multichannelgeneralization;Relation to the random matrix theory;
Universal1=3 reductionin mesoscopicconductors (B•uttiker '90, Beenakker '92)

� Measuredin a point contact (Reznikov '95, Glattli '96)

� Measuredin a mesoscopicwire (Steinbach,Martinis, Devoret '96, Schoelkopf '97)

� Fractional charge noisein QHE (Kane, Fisher'94, de Picciotto, Reznikov '97, Glattli
'97 (� = 1=3), Reznikov '99(� = 2=5))

� Phase-sensitive(photon-assisted)noise(Schoelkopf '98, Glattli '02)

� Noisein NS structures,charge doubling(Kozhevnikov, Schoelkopf, Prober '00)

� Luttinger liquid, nanotubes(Yamamoto,'03)

� QHE system;Kondo quantum dots; Noisenear 0:7e2=h structure in QPC (Glattli
'04)

� Third momentS3 measurement(Reulet, Prober '03, Reznikov '04)
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Experiment al issues, briefl y

� Actually measuredis not electric current but EM �eld. Photons
detachedfrom matter, transmitted by � 1m, ampli�ed, and detected;

� Matter-to-�eld conversionharmlessif there is no backaction;

� Device + leads + environment. Engineer the circuit so that the
interestingnoisedominates(e.g. a tunnel junction or point contact of high
impedance)

� Detunefrom 1=f noise

� Limitations due to heatingand detectionsensitivity
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Full counting st atistics
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Counting st atistics genera ting function
Probability distribution Pn ! cumulantsmk = hhnk ii

m1 = n, the meanvalue;
m2 = � n2 = n2 � n2, the variance;
m3 = � n3 = (n � n)3, the skewness;
...

Generatingfunction � (� ) =
P

n ei�k Pk (de�ned by Fourier transform),

ln [� (� )] =
X

k> 0

mk

k!
(i� )k

While Pn is more easyto measure,� (� ) is more easyto calculate!

The advantageof � (� ) over Pn similar to partition function in a `grand
canonicalensemble'approach

Ex I: Binomial distribution, Pn = Cn
N pn (1 � p)N � n with N the number

of attempts, p the successprobability ! � (� ) = (pei� + 1 � p)N

Ex II: Poissondistribution, Pn = �n n

n ! e
� �n , � (� ) = exp( �n(ei� � 1))
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Counting st atistics, micr oscopic f ormula I
WANTED: A microscopicexpressionfor the generatingfunction
� (� ) =

P
q P(q)ei�q for a genericmany-body system

Spin 1=2 coupledto current: H el ;spin = H el (p � a� 3; q)

Counting �eld a = � �
2 x̂ � (x � x0) measurescurrent through cross-section

x = x0

Ex. Coupling to classicalcurrent H = �
2 � 3I (t); time evolution of spin:

j "i = e� i� ( t )=2j "i , j #i = ei� ( t )=2j #i

Spin precessesin the X Y plane, precessionangle � (t) = �
Rt

0 I (t0)dt0

measurestime-dependenttransmitted charge

q(t)

x=x0

�
����

�
�

���
�

�

�
����

�
�

��	
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�

�

� �
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�
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�
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�

�

�
�

���
�

Disclaimer: Our goal is to clarify microscopic picture of current

uctuations, not to describe realisticmeasurement
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Counting st atistics, micr oscopic f ormula I I

In QM current is an operator and [I (t); I (t0)] 6= 0 ! Needa more careful
analysis!

Spin density matrix evolution(ensemble-averaged):

� ( t ) = he� i H t � 0ei H t i el =

 
� (0)

"" hei H � � t e� i H � t i el �
(0)
"#

hei H � t e� i H � � t i el �
(0)
#" � (0)

##

!

h::: i el = Trel ( :::� el )

Examinethe classicalcurrent case: spin precessesby � n = �n for n
transmitted particles.

� ( t ) =
P

n Pn

 
� (0)

"" e� i� n � (0)
"#

ei� n � (0)
#" � (0)

##

!

=

 
� (0)

"" hei�n i � (0)
"#

he� i�n i � (0)
#" � (0)

##

!

Identify hei� ( t ) i = hei�q i with � (� ), the generatingfunction
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Main resul t:
� (� ) is givenby Keldyshpartition function

� (� ) =
D

TK exp

 

� i
I

C0;t

Ĥ � (t0)dt0

!
E

with the counting �eld � (t) = � � antisymmetric on the forward and
backward parts of the Keldyshcontour C0;t � [0 ! t ! 0]

Properties:

1. Normalization:
P

q Pq = 1, since� (� = 0) = 1
2. Pq =

R
e� iq � � (� ) d�

2� � 0
3. Charge quantization: � (� ) is 2� -periodic in � (for noninteracting
particles)

Features:

| Describesnot just spin 1=2 but a wide classof passivecharge detectors,
suchas heavyparticle H = p2=2M � �f (t)q at large M (no recoil);
| Minimal backaction, measurementa�ects only forward scattering:
[H ; � z] = 0;
| Good for genericmany-body system
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Compare: Larmor clock f or QM collision
Nuclear reaction,tunneling, resonancescattering,etc. | How long doesit take?

Add a �ctitious spin 1=2 to particle: U (x ) ! Uef f = U (x ) + 1
2! (x ) � z

with �ctitious �eld ! (x ) nonzeroin the spatial regionof interest.

Resonance scatteringPotential barrier

Spin precessesabout the Z axis during collision: precessionangle measurestime.
Analysissimilar to passivedetector (one particle!) yields

� ( ! ) = Tr( S� 1
� ! S! � ) =

Z
e� i! � P ( � )d�

with P ( � ) interpreted as probability to spend time � in the regionof interest

Resonancescattering: S( � ) = � � � 0+ i
 =2
� � � 0� i
 =2 gives � ( ! ) = ! � � � i


! � �+ i
 � ! +� � i

! +�+ i
 with

detuning� = 2( � � � 0) . Obtain positiveor negativeprobabilities! (Caution)
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Variety of topics
� Tunnelingproblem. S2, S3 Nonequilibrium FDT theorem. Relation with
Glauber theory of photocounting.

� Driven many-body systems. For noninteracting particles (fermions or
bosons) � (� ) can be expressedthrough time-dependent one-particle S-
matrix. Pumps, coherent current pulses, photon-assistednoise ! next
lecture

� Mesoscopicnoise in normal and superconducting systems (Nazarov,
Nagaev)

� Mesoscopicphoton sources(Beenakker)

� EntangledEPR states,counting statistics (Fazio)

� Spin current noise(Lamacraft)

� Backaction of spin 1=2 counter (Muzykantsky)

� Roleof environment(Kindermann)

� Quantum information/entropy (Callan & Wilczek,Vidal, Kitaev)

� Orthogonality catastrophe,Fermi-edgesingularity
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Counting st atistics of tunneling current

Focus on the tunneling problem (generic interacting system). Tunneling
Hamiltonian

Ĥ = Ĥ 1 + Ĥ 2 + V̂

whereĤ 1;2 and V̂ = Ĵ12 + Ĵ21) describe leadsand tunnelingcoupling). The
counting �eld � (t) is addedto the phaseof the tunnelingoperators Ĵ12, Ĵ21
as

V̂� = e
i
2� ( t ) Ĵ12(t) + e� i

2 � ( t ) Ĵ21(t)
with � 0<t<� = � . (Justi�ed usingone-particle tunnelingproblem.)

Transform the bias voltage into a phase factor, Ĵ12 ! Ĵ12e� ieV t ,
Ĵ21 ! Ĵ21eieV t . In the interaction representation,write

� (� ) =
D

TK exp

 

� i
I

C0;t

V̂� ( t 0) (t
0)dt0

!
E

usingcumulantexpansion,as a sumof linked clusterdiagrams.
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The lowestorder in the tunnelingcouplingĴ12, Ĵ21 is givenby linkedclusters
of order two. Obtain � (� ) = eW (� ) , where

W (� ) = �
1
2

I I

C0;t

D
TK V̂� ( t 0) (t

0)V̂� ( t 00) (t
00)

E
dt0dt00

More explicitly,

W (� ) = (ei� � 1)N1! 2(t) + (e� i� � 1)N2! 1(t)

N1! 2 =
Z t

0

Z t

0
hĴ21(t0)Ĵ12(t00)i dt0dt00 N2! 1 =

Z t

0

Z t

0
hĴ12(t0)Ĵ21(t00)i dt0dt00

with Nj ! k (t) = nj k t the mean particle number transmitted between the
contacts in a time t (cf. Kubo formula).

Resultingcounting statistics is bi-directionalPoissonian:

� (� ) = exp
�
(ei� � 1)N1! 2(t) + (e� i� � 1)N2! 1(t)

�

True in any interacting system,in the tunnelingregime.
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Nonequilibrium Fluctua tion-Dissip ation theorem

The cumulantsare generatedas ln � (� ) =
P 1

k=1
( i� ) k

k !
hh� qk ii

qk
0

with q0 the

tunnelingcharge. Obtain

hh� qk ii = qk
0

(
(n12 � n21)t; k odd
(n12 + n21)t; k even

Setting k = 1; 2, relate n12 � n21 with the time-averagedcurrent and the
low frequencynoisepower:

n12 � n21 = I =q0; n12 + n21 = S2=q2
0:

Relatethe secondand the �rst correlator:

S2 = hh� q2ii =t = (N1! 2+ N2! 1)=(N1! 2 � N2! 1)q0I = coth(eV=2kB T)q0I

Nyquist for eV < kBT, Schottky for eV > kBT.

A universalrelation | holdsfor any I � V characteristic(linear responce
not required,cf. FDT in equilibrium)
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Application in metrology
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Generalized Schottky f ormula f or S3

Relate the third cumulant hh� q3ii �
�
� q � � q

� 3
= S3t with h� qi = I t.

Obtain a Schottky-like relation for the third correlator spectral power S3:

S3 � hh� q3ii =t = q2
0I

| independentof the mean/varianceratio (n12 � n21)=(n12 + n21).

SinceN1! 2=N2! 1 � n12=n21 = exp(eV=kB T) (detailed balance), the
relation S3 = q2

0I holdsat any voltage/temperatureratio.

Good for usingshotnoiseto determineparticle chargein Luttinger liquids
and fractional QHE (heating limitation: S2 = q0I requireseV > kBT).

A possibility to measuretunneling quasiparticle charge at temperatures
kBT � eV
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The 3-rd correlator in terms of the counting distribution pro�le:
hqi = I t = mean; hh� q2ii = S2t = variance; hh� q3ii = S3t = skewness

0 5 10 15 20 25 30 35 40
10

-5

10
-4

10
-3

10
-2

10
-1

Transmitted charge q/e*

C
ou

nt
in

g 
pr

ob
ab

ili
ty

N
12

=20, N
21

=0

Gaussian           

The third momentdeterminesskewnessof the distribution P (q) pro�le. This is illustratedby a bi-directionalPoissoniandistribution

and a Gaussianwith the samemeanand variance. For S3 > 0 the peak tails are stretchedmore to the right than to the left.
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Measurement of S3 in a Tunnel Junction:

First experiment, low impedance(50Ohm) tunnel junction (B. Reulet, J.
Senzier,and D.E. Prober, Phys. Rev. Lett. 91, 196601(2003));

High impedancejunction (M. Reznikov et. al. '04):
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Transmitted charge distribution and its momentsS2 and S3. Poisson
behavior S3 = e2I con�rmed.
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Tunneling summary:

1) The counting statistics of tunneling current is bi-directionalPoissonian,
universallyand independentlyof the character of interactionsand thus of
the form of I � V dependence.

2) Nonequilibrium FDT relation S2 = coth(eV=2kB T)q0I

3) Shottky-like relation for the third correlator S3 = q2
0I at both large and

small eV=kB T.
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Counting st atistics of a driven many-bod y system
Time-dependentexternal�eld and scattering(noninteractingfermions)

Weobtain the generatingfunction in the form of a functionaldeterminant
in the single-particle Hilbert space:

� (� ) = det
�

1̂ + n(t; t0)
�

T̂� (t) � 1̂
��

T̂� (t) = Sy
� � (t)S� (t); S� (t)ij = ei

� i
4 S(t)ij e� i

� j
4

with reservoirsdensity matrix n(t; t0)T =0 = i
2� ( t � t 0+ i� ) =

P
�< 0 e� i� ( t � t 0) , a

time-dependentS-matrix S(t) and separate � i for eachchannel

2

... 5

4

3

1

Time-dependent�eld (voltageV (t), etc.) includedin S� (t). No time delay:
S(t; t0) ' S(t)� (t � t0) (instant scatteringapprx. | nonessential)
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Simple and not-so-simple f acts fr om matrix alebra
Usefulrelationsbetween2-nd quantizedand single-particle operators:

A � ! �( A) =
NX

i;j =1

Aij a+
i aj

(mappingof matricesN � N � ! 2N � 2N ).

Tr e�( A ) = det
�
1 + eA �

| fermionpartition function Z = Tr e� � H with � � H = �( A))
Note: For A = 0 obtain 2N = 2N

Tr
�

e�( A )e�( B )
�

= det
�
1 + eA eB �

Tr
�

e�( A )e�( B )e�( C )
�

= det
�
1 + eA eB eC �

:::
ProvenusingBaker-Hausdor� seriesfor ln(eX eY ) (commutator algebra for

X , Y the sameas for �( X ), �( Y ))
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Deriving the determinant f ormula I

Write c.s. generatingfunction as

� (� ) = Tr
�
� el ei H � � t e� i H � t �

with H � � = �( h� � ), � = 1
Z e� � H 0. Obtain

� = Z � 1det
�

1 + e� � h0eih � � t e� ih � t
�

= det
� �

1 + e� � h0
� � 1 �

1 + e� � h0eih � � t e� ih � t
� �

Finally, with n̂ =
�
1 + e� h0

� � 1
, have

� (� ) = det
�
1 � n̂ + n̂eih � � t e� ih � t �
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Deriving the determinant f ormula I I
Relateforward-and-backward evolutionin time with scatteringoperator:

^
0tih 

e
-ih1t

^

e

t

y x

S0 y
-1

S1 y0S
-1

Thus ht0jeih � � t e� ih � t jt i = S� 1
� � (t)S� (t)� (t � t0)

with jt i a wavepacket arriving at scattererat time t.

� (� ) = det
�
1 � n̂ + n̂S� 1

� � S�
�

A single-particle quantity | Fermi-statisticsaccountedfor by det!

(Generalizeto bosons:det(1 + :::) � ! det(1 � :::) � 1)
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A more intuitive appr oach: DC transpor t

For elasticscatteringdi�erent energiescontribute independently:

� (� ) =
Y

�

� � (� ) ; i:e: � (� ) = exp
�

t
Z

ln � � (� )
d�

2� ~

�
;

(quasiclassicaldV = d�dt=2� ~).

2

... 5

4

3

1

Sum overall multiparticle processes:

� � (� ) =
X

i 1;:::;i k ;j 1;:::;j k

e
i
2( � i 1+ ::: + � i k

� � j 1� ::: � � j k
)Pi 1;:::;i k j j 1;:::;j k

;
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with the rate of k particles transit i 1; :::; i k � ! j 1; :::; j k is givenby

Pi 1;:::;i k j j 1;:::;j k
=

�
�
�Sj 1;:::;j k

i 1;:::;i k

�
�
�
2 Y

i 6= i �

(1 � ni (� ))
Y

i = i �

ni (� ) :

with Sj 1;:::;j k
i 1;:::;i k

antisymmetrizedproduct of k singleparticle amplitudes.
This is equalto our determinant(Provenby reverseengineering)

Positiveprobabilities!
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Point cont act (beam splitter): 2 � 2 matrices

� � (� ) = (1 � n1)(1 � n2) + (jS11j2 + e
i
2( � 2� � 1) jS21j2)n1(1 � n2)

+ (jS22j2 + e
i
2( � 1� � 2) jS12j2)n2(1 � n1) + jdet Sj2n1n2 ; (1)

with n1;2(� ) = f (� � 1
2eV) andSij is unitary: jS1i j2+ jS2i j2 = 1, jdet Sj = 1.

Simplify: � � (� ) = 1+ t(ei� � 1)n1(1 � n2) + t(e� i� � 1)n2(1 � n1) Here
t = jS21j2 = jS12j2 is the transmissioncoe�cient and � = � 2 � � 1.

At T = 0, sincenF (� ) = 0 or 1, for V > 0 have

� � (� ) =

(
ei� t + 1 � t ; j� j < 1

2eV;
1; j� j > 1

2eV

Full counting statistics: � � (� ) = (ei� p + 1 � p)N ( � ) | binomial, with the
number of attempts N (� ) = (eV=h)� .

Similar at V < 0, with ei� � ! e� i� (DC current sign reversal).
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Note: the nonintegernumber of attempts is an artifact of a quasiclassical
calculation. More careful analysisgives a narrow distribution PN of the
number of attempts peaked at N = N (� ), and the generatingfunction asa
weightedsum

P
N PN � N (� ). The peakwidth is a sublinear function of the

measurementtime � (in fact, � N 2
T =0 / ln � ), the statistics still binomial,

to leadingorder in t.
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Stra tegies f or handling the determinant

Two strategies:

1) For periodic S(t), in the frequency representation n̂ is diagonal,
n(! ) = f (! ), while S(t) hasmatrix elementsS! 0;! with discretefrequency
change! 0 � ! = n
 , with 
 the pumping frequency. In this method the
energyaxis is divided into intervalsn
 < ! < (n + 1)
 , and eachinterval
is treated asa separate conductionchannelwith time-independentS-matrix
S! 0;! .

2) The determinantcan alsobe analyzeddirectly in the time domain:

@� ln � (� ) = Tr
h
(1 + n(T � � 1)) � 1 @� T�

i

with T� (t; t0) = S� 1
� � (t)S� (t)� (t � t0), n(t; t0) = i

2� (t � t0+ i� )� 1.

The problemof inverting the integraloperator R = 1 + n(T � � 1) is the
so-calledRiemann-Hilbert problem (matrix generalizationof Wiener-Hopf,
well-studied,exactand approximate solutionscan be constructed)
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Phase-sensitive noise
Charge 
o w inducedby voltagepulseV(t) in a point contact

A pulseV (t)correspondsto a step � � in the forward scatteringphase:

S(t) =
�

e� i� ( t )
p

t i
p

r
i
p

r ei� ( t )
p

t

�
� (t) =

e
~

Z t

�1
V (t0)dt0

The meantransmitted charge q = te� � =2� | independentof pulseshape
In contrast, the variance� q2 exhibitscomplexdependence:

� q2 = 2t(1 � t)e2
Z Z

1 � ei� 12

(t1 � t2)2dt1dt2 � 12 =
e
~

Z t 2

t 1

V (t0)dt0

Gives� q2 / (1 � cos� � ) ln( tmax =t0) + const | periodic in the pulsearea
and log-divergent(tmax � ~=kBT)

Interpret the log as orthogonality catastrophe: long-lasting changeof
scattererat � � 6= 2� n causesin�nite numberof soft particle-holeexcitations

Shot noiseis phase-sensitive| Mach-Zendere�ect in electronnoise
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Minimizing unhappiness

Find noise-minimizingpulseshapes:
RR 1� exp

�
i

Rt 2
t 1

e
~V ( t 0)dt 0

�

( t 1� t 2)2 dt1dt2 ! min
| an interestingvariational problem,solvedby pulsesof integerarea 2� n:

V (t) =
~
e

X

i =1 :::n

2� i

(t � t i )2 + � 2
i

(� i > 0)

Lorentzianpulses(overlappingor nonoverlapping)

Degeneracy:� q2 = e2t(1 � t)n, the samefor all t i , � i
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Coherent time-dependent many-bod y st ates

Varianceof transmittedcharge� q2 = e2t(1� t)n | independentof pulse
parameterst i , � i , samevalueas for binomial distribution with the number
of attempts n

Binomial counting statistics from the functional determinant (exactly
solvableRiemann-Hilbert problem):

� (� ) =
�
tei� + 1 � t

� n

Interpretation: pulses' independentattempts to transmit charge
Coherentcurrent pulses:

Noisereducedas much as the beamsplitter partition noisepermits

Similarity to coherentstates(QM uncertainty minimized)

Many-body objectswhich behavelike songleparticles. Fully entangled?
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Measurement of phase sensitive noise
Instead of a train of pulses (which is di�cult to realize) used a

combinationof DC and AC voltage,V = VD C + VAC cos
 t | oscillations
in noisepower (Besselfunctions), while DC current is ohmic:

@S0

@VD C
=

2

�
e3

 
X

m

t m (1 � t m )

!
X

n

J 2
n (VAC =~
) � (eVD C � n ~
)

Observedin mesoscopicwires(Schoelkopf '98), point contacts(Glattli '02)
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Case studies

(i) Voltagepulsesof di�erent signs(D Ivanov,H-W Lee,and LL, PRB 56, 6839(1997)):

V (t) =
h
e

�
2� 1

(t � t1)2 + � 2
1

�
2� 2

(t � t2)2 + � 2
2

�

give rise to the counting distribution

� (� ) = 1 � 2F + F (ei� + e� i� ) ; F = t(1 � t)
�
�
�
z�

1 � z2

z1 � z2

�
�
�
2

with z1;2 = t1;2 + i� 1;2. The quantity A = j:::j2 is a measureof pulses'
overlapin time: A = 0 (full overlap),A = 1 (no overlap).
Note: � (� ) factorizesfor nonoverlappingpulses

(ii) Two-channelmodel of electronpump ((D Ivanovand LL, JETP Lett 58, 461 (1993)):

S(� ) �
�

r t0

t r 0

�
=

�
B + be� i 
 � �A + �aei 
 �

A + ae� i 
 � � �B � �bei 
 �

�
;
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which is unitary provided jAj2 + jaj2 + jB j2 + jbj2 = 1, A�a + B�b = 0
(time-independentparameters).

For T = 0 and � L = � R the charge distribution for m pumpingcyclesis
described by

� (� ) =
�
1 + p1(ei� � 1) + p2(e� i� � 1)

� m

with p1 = jaj4=(jaj2 + jbj2) and p2 = jbj4=(jaj2 + jbj2): at each pumping
cycle an electron is pumped in one direction with probability p1, or in
the opposite direction with probability p2, or no charge is pumped with
probability 1 � p1 � p2.

Also can be solvedat � L 6= � R : more complicatedstatistics.
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Counting st atistics of a char ge pump
DC current from an AC-drivenopen quantumdot. (Exp: Marcusgroup '99)

The time-averagedpumped current is a purely geometricproperty of the
path in the S-matrix parameterspace,insensitiveto path parameterization
(Brouwer '98, Buttiker'94).

Noisedependenceon the pumpingcycle?Boundson the ratio noise/current?

Here,considergenericbut small path V1(t), V2(t):

V

V

1

2
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Counting st atistics f or a generic pumping cycle
Focuson the weakpumpingregime,a small loop in the matrix parameter

space:S(t) = eA (t )S(0) with perturbation A(t) (antihermitian, tr AyA � 1)
and S(0) is the S-matrix in the absenceof pumping.

Expandln � (� ) = det
�

1̂ + n(t; t0)
�

Sy
� � (t)S� (t) � 1̂

� �
in A(t):

ln � =
1
2

tr
�
n̂

�
A2

� � + A2
� � 2A� � A�

��
�

1
2

tr( n̂B � )2

with A� (t) = ei �
4 � 3A(t)e� i �

4 � 3; B� (t) = A� (t) � A� � (t)
Usingn̂2

T =0 = n̂T =0 , separate a commutator:

ln � (� ) =
1
2

tr (n̂[A� ; A� � ]) +
1
2

�
tr

�
n̂2B 2

�

�
� tr (n̂B � )2�

The commutator is regularized as the Schwingeranomaly(splitting points,
t0; t00= t � �=2), which gives

1
2

I
n(t0; t00)tr (A� � (t00)A� (t0) � A� (t00)A� � (t0)) dt
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Averageover small � (insert additional integralsover t0, t00, or just replace
A� (t) ! 1

2 (A� (t) + A� (t0)) , etc.) In the limit � ! 0, obtain

(ln � )1 =
i

8�

I
tr (A� � @t A� � A� @t A� � ) dt

The secondterm of ln � is rewritten as

(ln � )2 =
1

4(2� )2

I I
tr (B� (t) � B� (t0)) 2

(t � t0)2 dtdt0

Now, combine(ln � )1 with (ln � )2, and simplify
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Bi-directional Poissonian st atistics

Convenientdecomposition A = a0 + z + zy, such that [� 3; a0] = 0,
[� 3; z] = � 2z,

�
� 3; zy

�
= 2zy, gives

A� � e� i �
4 � 3Aei �

4 � 3 = a0 + ei �
2 zy + e� i �

2 z

B� =
�

ei �
2 � e� i �

2

�
W; W � zy � z

In this representation,

ln � =
sin �
8�

I
tr ([� 3; W ] @t W ) dt +

(1 � cos� )
2(2� )2

I I
tr (W (t) � W (t0)) 2

(t � t0)2 dtdt0

The �rst term is identical to the Brouwer result (invariant under
reparameterizationand hasa purely geometriccharacter), the secondterm
describesnoise.

Note the � -dependence:u(ei� � 1) + v(e� i� � 1) ! 2P statistics

� (� ) = exp
�
u(ei� � 1) + v(e� i� � 1)

�
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Provethat

1) u; v � 0 for genericpumpingcycleW (t);

2) u = 0 or v = 0 for specialpathsW (t) holomorphic in the upper/lower
half-planeof complextime t;

Then the ratio current=noise = (u � v)(u + v) is maximalor minimal
(equal � q� 1

0 per cycle), when u = 0 or v = 0. The counting statistics in
this caseis pure poissonian.
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Example of a single channel system (two leads) driven by V1(t) =
a1 cos(
 t + � ), V2(t) = a2 cos(
 t). The pumpingcycle:

W (t) =
�

0 z(t)
z� (t) 0

�
; z(t) = z1V1(t)+ z2V2(t); (z1;2 system parameters)
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Current to noiseratio, I =J = q� 1
0 (u � v)=(u + v) , as a function of the driving signalparametersfor a singlechannelpump.

The two harmonic signalsdriving the systemare characterizedby relative amplitude and phase,w = (V1=V2)ei� . Maximum

and minimum, asa function of w , are I =J = � q� 1
0 .
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Pump noise summary:

1) Pumping noise is super-poissonian; counting statistics is double-
poissonian;

2) The current/noise ratio can be maximizedby varying the pumping
cycle(relative amplitudeor phaseof the driving signals);

3) Extremal cyclescorrespond to poissoniancounting statistics with a
universalratio

current=noise= � q� 1
0

(another generalizationof the Schottky formula).
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